Tl’;g Rieynann - Sﬂeﬂ,_ijcé Iﬂ'}'eﬁug

Dg&g ot [ab] be a ﬁ«i‘vﬁm iteaval, BH' a PMHHGY? Pof [ab]

W mean A %W‘tﬂ. fet Bg PM‘J‘E Xo, X, Xz, — -, Tm l""ﬁm

N

A= LS S A S - -— Xty S Ty =b

it X be a moﬂo{‘o’l’bicﬂzﬁﬂy mmn)%ﬂv\g ﬁuﬂd{m’} on [a,b]
Then o & bewncled on Tab) Avmce @) avd o« (b)

oD '%EM'lE- Corresporalivg 1o €ach pouhton P o . [a,b]

we wate

ne put )
UCPJC X)) = Z M: AD{.{
(=
L(PA«) = ) w; A
b\(ﬁm ML = ‘eL.L‘:) :F(Df-) (‘R'E-—' T XK &'L‘)
ool W = fjeb F 20 (?L"-{ < 2x < X))

Then the  Sums U(Bf,«) avd L(P«) ane Aegpecdively

called the  upber Stieltjes anvd  Lower Sheldjes  gums

4 the funchom £ wrt % coresponding o the
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\le ﬁuﬁ,!’h% a{e.ﬁme,

~b
I‘Folﬂf = géb W(Rf«

r

b
Gl J fol = fub L(BSf «2
=

Wﬁ\ﬂnﬁ- the %‘ﬁb fl/v-é'!- the rfu.b ane 'tc:l.»KEn OVEN c«iﬁ f)n—sfg{b)ég

b b
l)M‘tHor]& P o{ [a,b]. The L?n+e§)\,q,!a jjtg{p( Ci-d faco[o( aAe

Calleal e  Wppen onol  Lswer Riemam- S‘f‘?ﬂﬂ‘b'ﬁ Gm'l?egf(_ﬂjs crg

£ with fopet b ®w over (g b, wpediw,%_
i the upper amod Lower &ﬂ'fe_,gﬂ,n,h oNnL eszu_qﬂ,

we say thak f O orbegaable  with sespect T % ,7in the

Rieyroynwr Aense  on-d ot f € R, Funther im thius care,

common volue of  ubpes and Lower vnfegnal U densted

b

7 fb{oloc o4 J £ex) olet (2

(()

oo b callesl the Riﬁmaﬁp—fﬂﬂ“?_j_M 'Lﬁ’-'EE}LO.U o{] £ war. bt «

over [a,bl.
Bg tQJng X(x) = X , the. Riemann Mq'l'ﬂg&ﬂﬂ Wm A€o

to be o 8|7€Lla.ﬂ Corel ij the Riﬂmahw Sh’etﬁes fﬂ'teg,tuﬁ.

We '.‘.L_Q,Ul Nowr [nveatga‘l:a e existemce o%

ih{q{uﬂ (. Without  daytng 4o every hwme | £ will be

dumed  real amd bamded, arvd monotont cally.

L‘hmﬂ_g,%ﬁv\g on [a,b].
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Defn let P avd P* be two parifory of [ab].

We say thalt the peutton P' &k a sefinement o) P i

eveny pownt d P B a pornt 4 P
Griven two paiktons P ard B of [ab] , we say that P

thegw comymom redinement ff? P‘= P U P

A

[hestevn l£ P s o a—a&thww% ng P, hen

L(£P«) < L (£ P, )

ol DiGE P w) < U G F ).
Prof Supprte  ft thak p* conbaiva st one povint mote

than 7. Lkt this exthia bont be x ool duppote

< xw< ,'I['L- wﬁ\w x,;_, QJ\A Xy QAN ‘o o MeCm{LVﬁ

7

=
bovats gy P
Pk W= 9eb F0 (Xiy sx €

w,= 9lb F(x)

TF\E“ bd; \Z‘ mf: M w.ﬂ. ?""’ m{: "

Hewee L CPSF =) — LORF

oy [ X (xX)- « (5] + Wil X ()~ X (%*)]

— V¢ [ X (x¢ ) — D':[xr‘-\fjj

(©,-mi) [ lS— « (xed] + Woammi) [ o (%) ~ ®(x*)] Zo
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SO LCP ) 2 L(BF)
J P cmtaing R pm# motle o PJ, e defpeat b iy
beasonivg R tmes to get the seed resull
@) Suppore glw& Wat P cordaing Juwf one [cvm'%a% Moie then P
ot tha exha pomt be Z° avd Supprre 2y < 1t < 2

whew iy and X ane two coydeculive  povials J) F

Pt W, = Lub Frw ( X4 &% € x7)
W, = Lub  F00 ( x £ ¥ £ X )
M = lub £ (xq < x € %)

[ hem W, €M o~d Wi € M.
U'(ajc,m - U (P, £ )
_ M [ (e X (i) = W [ ) - ()] — W [ <Gy — et
= (M;=Wu) [« ()= KO + (Me—Wy) [« (x)- X(2eyd] >,
S U(PLEx) = LO(P £ )

I P condaing R povnks mote than P, we sepeat the above

foasoring R tmes to get the iegd sesult.

Thee  For any Wwo pauthove  F and B 4 (a,b]

L(R,f,«) < U(A, £«
Bf.- Lﬂi,- P: P|UP_L



L ; . - : |
(B:-FJO{> g L( Eﬂp{) (* P IR B—E,é—}nemgﬁ{‘ [/l ﬁ)

< OCP £«

L UCR, £ (7 P g yelinernent A P )
B b _b
Iheaewn J,]cc{p{ < fgca(ac

E"'_J"fa— Lot Pj cod P bg ﬂ'ng ‘ILLU'C} PM{\F{‘E?YLS ‘q’ Ef?;bj an~ol
P'= pUPR . Then

L(P,f,x) < L(P ) < OCPFu) < OCR £«

Hewce L(A, £« < UCR, £, o)

fos. any patihors P avel R 4 [ab]

E{a»\j_ 9¢éb over all parhovu P, e get

b b
jjcafo{ N fjcda«:

Examble ot & (x) = x ard dekine £ on [o,17 by

jf(fx)z{l Lé x & yabena)
o) Lﬂ X LE: mﬁl}\rﬁhﬂﬂ

let P= I %,%, -, 20} be a pastikon of [51]
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Thewn ﬂcﬁ. eoch f= 12,3, -5
M[' = ELL]D ‘F(.T) I [pf{'-l, x:] = |
ool =gl foO 0n [, 2] =0

bt’_cmme each dubﬁm{:ﬂ&vd [:r,;_hp(l-_'] Containg ﬂ&ﬁrmaf

Hemce chom < ﬁa.}:

Theswm + € R((x) on [a, b I-‘f? ﬂ*ﬂcl {JY\/@H Lg -go%, Evc“na[ & >0

Unene exisls oo palifem P 3uch Heat

O(P f«) — L(Pf k) <E
Prod . Suppede fork that  given comeition hetols.

bt e >o. [(hen 1 a Pa&i&\"m" P of [ak] 4.t

U(PLx)— L(PAx) < E
h

b
L (Pfu) & |Fdx S-J fdx < O(Pfx)

S

Nowr
(8

cL
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b

So 0 < J fdao — J. chM S U(Bfet)— L(PF x)
) g
ek 13
b b
o f{do{—jaﬂda < €

J{Jo{—/r fdt =0

o -

Hemce jcd,x J'jcdd; avd S0 F € REO

Cmume,ﬂat guppete trak + € R).

Themn h b

b
[foa = J Fea = J Felu

o

lt ¢ >o be givem.
b

Since j—fdo{ b Lub rsr-%_ cll ALower ZumB ;| theas ex il

oL

a  paxlihon B q [ar] 2.1t

b b
L (R, «) ke J Fdot - -E = J'fﬂfa( -
=

Stmilonly theae exnB a parkkon P of Ca,b]

_b b
OCRAED < [ fda+ € ZJHH_%

L

2.1.
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Lt P= RUP Sohat P i a commmon a—aLﬁﬂEmw{‘ crg F
ool P Then

V(Pf«) s LCR,F «)
b

< 1S

l{{:olat +3

< L(R,f) + ;1‘5 +%
< L(Pfx) +E

Hence.
UCPf,x) — L(Pf«) < € .

TF‘-EM’J’P_ 1% £ 5 Cm'uﬂmw& on L[a, bl bHen + & R on [a,b]
1'?,,6.,—1‘3 v let e >0 be given. Choose M >0 2o Hhat

[ (b) — d(ad]M < €.

Since 4+ Cm'itﬁupwb oM Eﬁ,bj; s 3 Uﬂ?“QDE’I’VVL} Cm‘—l_[hbtw_g,’
onN [ab]. So thew euls a § >0 ZLuch Hat

| I_F('x')_f(,{}l <% TL l»\rE\E'Y\(?VEf :’f}'t efﬂ;b]

with |x-tl < §. (1)

ZLQ) P » any pmﬁkm‘? u:rg fa,b] Auch Bhakt (Pl < 8§ Hen

(1) nblics
Ml'ﬂ"f = YL (i=,r2.l3:—=1“)

M’Q\EA.Q Mf_= EL{E 'F(’Jf) (n ['X,:..,'Jrl'j a""-’“A‘

Wi = (ﬂﬂb £x0 o X, xc]
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Hemce. U(Pfe)— L(PEx) = Z (Mf_mf),ﬂcﬁ-

=\

A
YL Z lﬁnﬁ' = T'L[D((l::a)*—b:‘(ﬂ?:) < @

=

A

ord 20 A € R

TF\&W Lﬁ/t -F b(-?_ L wﬁthuovx& B-&Ppﬂ 'guﬂ(,h'm onN e

b}w{vwad? [a,b] J,L £lad) < F(b) arol L{) c B a Numbes

Auch Hoat £ < ¢ < F(b) ther Hheae ExBi8 a {Dmaqt

b)) duch that () = C

Thesem f f I8 monotovic on [a, bl arvd Y < U Cerili Nuers

on [abl , then o € R ().

(W sH5U ousume of Connie that L3 mgﬂg'i-ﬂﬂir:)
¢ J

an,{’_ ot € >0 be .:j&v-em.

Fol ony potitive ilages M, choote a parkiKom

P = { xﬂ; Xy, Xa, - - A :7{1"\} O‘E‘ rﬂfbj »2,‘&

£ (b)- o{(aﬂ)
N

X(%) = oK(a) +

Y — « (a)]
- «fa) + [ b -
0((11_:! (‘ =

A— -—
i —

K (xtnqd) = K (a) + (ﬂ}][[’{(b)_’ﬁ(ﬂ)]_

Th[,@, 4 t’)%b"e RonCo (2 wt‘num oY) rﬂ., l'.')_’_] _

We 3uppate that £ B monctonically moeating on [ab],
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lo.

|

Tl_’.'\e‘ﬂ Mg = F(xiD , + (;ff-r) (ih= '12;3:~;“)

Ao Bal

LA
U(P£fx)— L(Pfx) = Z (Mi=wmy) A
(=I

¥

ﬁ(b)—m(ﬂ) N (M['—'Wh')
— )

I

(=]

LA

*(b)- k@ N [f ()~ (X))

14

Y

U& N i mken 'E.mcfe ﬁﬂav\gzﬁ\_

Mewce +F € RGO

Thestem :L{) :rr € (R (x) on-el 'F,L € R(x> on [a, b] ) n e {,-}-r&é@(ﬂf}

) : :
On0t j (F+F)cdx = l(’c' o +[ Ty
L a

a

Poef Lt € >0 be given

Since § € RGO, f € R, theie exiut parlihong B and

B of [a,b]  ABuch that

U(ﬁ’,ﬁ:”(j - LCH;-‘FIJ')(J < €

L

U (R = L (P f«) < E

bt £=f+8 and P= {a=x0% 2., - »2n=bJ be common

‘erﬂ{g'-wememjt og P ardl P . Then U(P, f,«)— L(FEA£,%) < A

anol DR, &) —L(PFf,x) < %

Scanned with CamScanner



"

/ f 1" |
\Su,Hnrf-e. 'E-L,L.t}h% Haat MI'Jmiij, M{ZW’:L‘ Aol MEJ m, o the

bounds of Fi, f; cnel £ WPQJJ:UE/{J'L} m Hhe dubimloovaf

[Zi,20] Pt i=1,23,__,n. Then

Mulliplying by Di and addivg fot i= 123, -m; we get
L(PA,«)+ L(P £, =) < LCEF,nc‘).ﬁ U(Pfe) S OCPA, )+ U (P 4 )
Theae fole
U(R£) = L(PF® S UCRAH,x)— L (BHa) + U(PHxI - LPA
< Erf-e
Mewee £ € Rx), that B, £+ FH € Rx),
With ka\13> Rame P we Rave

OCP4,6) S UCRA

< ]—(P'.ifha{)-’_ _%
b

b
J:ﬁdbﬁ + & = J'f.dﬂ + =
A

s ”
" U(R £, f frdet 3
Smilasly, (g a0 < | Adet 5

b
Th&u‘lgm,(’_ J‘-]Cdc.( < UCH{;Q{) S U(Ef,,of)+u(gff;,“{)

b b
4 J’ ;F,clot+J{1c=f°<+ E
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12,
Since € I mbit-ma botiive muambes , we Pave

b b b
J.:CGH N3 f £ dot—+ f £, d (1)
o a o

erﬂa&»ﬂ £ oand £ m (1) bg -£ ol _‘)C.z m}zedngé,j;

we Rave
b b

j—gﬂo{cx %J - £ rlof—Ffb—aﬂdm

o

b b b
- (fda € — [ Hda— | faid
;{{ ol < ;{ ~+; o o nfh

'n

b b
[ gt [ £, dlo < [ fda (2>
o o

Foorn (1) 2(1)‘, b

b b
[fdu = [Hdd« + [ £ds

b b
Hence jb(af,—pﬁ)dm':f acfc{oﬂ—Ff fa d
. a

o

Theaew [} £ € R(xD them cf € R(x) fol enery congtant

b b
0n-d J.C-de‘i = C‘(:de.

L

ot ety sendk O Bunt fr e =o.
SO cHAuUMe C = ©O L;_»j. € >0 be cg.&vem'

Since FERG), 3 a pa,{iih'm P nﬂ [a,b] 2.T.

UCPfx) —L(Pf ) <« _‘%_‘ (1
[c
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| 13,
[et the paliton P be  Ja= 2,2, %a,-»2n=b}

SLLPPCd'E‘ HE — fu.b -an:':) i.rh Exf—l, :’(f] ;
my = g€b Feo in [y, 2]
M= dub (ef)00) m [, 2]

ﬂn-f-‘f lf‘r’}‘g"r

glb  (cf)x) n [24, 27 ] for =12 _,n.

{cM;
C M} T.E c <o

o my! {cmg i ¢ >o

-

~

3

=
Il

o=
™
Y
o

c My Lg C < o
' A
So U(Pecfet) = Z M A «; = { c UCRLed) 1} ¢ >o
F= . c L(P£f &) *16 C <o
Oval L(chjm) = Z m;,ﬂwl' — {C L(P,-ﬁd) Eg) C 270
=1 c O(PEfx) 'L_g c <o

Thws  O(Pef,x) = L(Pcf, x) =[C(U(E£o{)-— L(Pfxd) { c>o
~c(U(Pfw) = L(PEx)) Y c<o

that B,
U(Pecfd = L(Bcfx) = el [U(PA)—L(PEx))]

Hewece  W(Pcfa) — L (Pcfr) < € [usig )]

ol Lo cf € RGO
b b
It remaing to showr fcf d of =Cf{3do:.

o3 o
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Folb c=o, »ooulf UL h\\ﬁc:\p

So bt c > o0.
b

Since  UCRL©0 < LBA + £ < facaroc + € :fm +€

J

75

W2 f.we,
b -b b
Jc{—do( =[c:jﬂo{n< S U(Pcf,x) =c U(Rfix) < Cf‘Fdo{w‘-G
a a

that G, b b

cho!c{ < C[jﬁdn{—re.

a

Bl € >0 B Mbi{‘wuto{. gv~adl . So we muwt Rave

b
j cf ol < jjccm (2)

Aﬂﬂi‘r’i ﬁ‘lmn[l)J

L(RE® > UPE0) ~€ 3 [fde-€ = [Jdu—t

Jc,jcdd ’ JC-F:::(-:{ > LRef) = ¢ L(RFx) > [ fdu—e

Since . hslols ‘gf..‘rL each € >0, we have

b 1
fcncde«: 2 cf fdlof é)
o o
b
Mewce f cfdu = ¢ [ .
L c

Gimﬂm% we con prove the roult i ¢ <o.
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s

Thestern IO € R ond T € RCL) theyy £ € R ()~ o)

Dol b b b
J £ od (t)+a.) = f -chcx*,—f-f fdot,
- oL o

Provf

et € >0 be Fven.

Sine F € R cnd £ € Reetz), I pelihons P cwel P of
Eﬂrb] 'E‘E

U(R,’E"fl) — L(IR;'.F;""?) < %.

UCR,f,«) — L(RB,f«) < €
- B

There fﬂe,cllu_a.ﬂikcf_& Cbﬂbc: 'ﬁ\ofo( L& P, a~el P, one aé,fp.éqcp_d
b% thelr Cormmom B—@%‘ﬂﬂtﬂﬁﬂm{ P
bt the paxbbom P be {a=2 %, 2%, _ ,xa=b t.

IL M anel M on2 besunels of £ o [, 2] th e
UfP,J', ‘ﬂ"f‘ﬂ{:_) - L (R, f, 0‘(1*!‘0{2)

— Z (ML‘—M’]{)[(U(,'FG{.L)(:W)— (ﬂ(rﬁofl)(ﬂ-:)_]

f.—.,t

N W
= Z (M=) Lo (2= o (30-0] + Z (M=) [ ot () - oG ()]
(=}

(=

= [UPF«) = L(PEad] + LOCPSE )= L(PF«D)

< %—r = €

*»Im

"{%LE. -]C E’ @(Ufl"f'c’f:.) :
b b

b
b semams to shar [ £ dloata) = [ Foar [ o,
@ o o
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Ne “E\avﬂ.
| b
U(P £ o) jjc o +
(L

1
Grel (P £, ) < j:Fol&;—f- L
L

So b "
J £ d (o Fa) =[ + d (o +2) < U (P, f, a1t a)
- -

b b
< fd«.+fjc_dog+e.
-

s 8
Since C So 1% m,biirwg fgwxqﬂ} A 8 %uvu

b b b
chot(w.mla < J :Fofor.—i-J felw (1)
o - o-

ereﬂdhg f by —Ff, we Rave

b b h
J(‘_JCJCﬂ(Cﬁ‘FD(l) £ J(_J:)G{Oﬁ "I“j C—:F)D(Df;_
CL

o L

b b b
£, J £ ole, + j{-dm{l = J?Cd("ﬁ-{-"ﬁ) (2)
o cL A

b b b
Hemwce J]Cd(oh—ﬁor;) = J{dw,—%j{dnﬁ.
o & *
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/7
Thesterr I} £ € Rx) and c b Q@ pogitive constont | then

£ € RCex) and )

b
f:rcd(cm) =c:f £ d
CL o

Prowf - Fiyt we obsuwve that Cox B8 monstonically ncreativg
on lab] dence x B monotonically vncacakivg and c U potili
et € >0 be given.

Since £ € RGO ,thewe exisis o parkhon = {a=2,%,%, _,=b.
of [a,b] '5uc,h that

UCP£x) — LCPFH%) < %‘

ot M; avel m; be the bounds dy £ [ %) For 0=1,23 v

Then "
U(Pf,cx) — L (Pfcx) = (M; = ;i) [(€%) (xi)~ (e (i)
=1

-

L

n
Z (M¢—m¢) [C X (% )—C M(xf—l?)

(=]

(]

I

C Z (M;‘*—V'ﬂf) ["((Xt')" X (- )J
(=

c [OCPEw)—L(PFx)] < €

aod o0 F£ E R(cx).

Frothes with the same [)arf\h'“f?w P LO_.E. abpvé’.,

b b _
Jqf d (e =J fde) € UPfcx) =c U(RF
a o

z ¢ LPSf,=)+E

b b
S Cfacdﬁf“f"e =€ | fdortE
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Stnce C >0 8 Gupbifﬁlaxa Syl U %,fwe,&

b b
J"‘FG{(CD{) £ ¢ jjedﬂ{

[{d(w) = f Fdlew) = L(Pfcx) =c L(P£x)
P

> cU(Pf) - €

b
P CJ%do{—-e: CJ Lol =@

Thi fhefds ﬁﬁﬂ— each & vo. So

b b
[fdew = Cfvcd@i

b b
che J £ odlcad) = C-f f ot | PTHUEA ‘
O L '

Theotewn 1| §, ERGE avdl £ € R&) Such heat

f,(x) < (x> on [ab]

b )
faf,dcx Eja&dﬁ
cL

cL

{'L'\ en

P»nswf - el P= %, % %,-, 2t be any f;;f;u;!i‘ﬁm of [a,b].

l.Q;t Mf: = Eu.l: :F|(X) " [Z{'—ha’fj

I

ad M= b HG0 o [xe 2] fot i=1,23,-,m.
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Sthee & 6o < £ Go 'EG'L' all x € [a,b], W gﬂ‘Engg

thet | |
Mf "'FUL 1=0,2 3 -, N

=
N

-
=
0
-H
Hi.
-
[

n 4
) MiAi < ) miAw = DRARD

Tt—ft[ﬁ\r\g W%mmm over all [MM){\'*HM P ‘J% [ﬂ;}-"], we Fave.

This b Lees p
7 Jfrdd < faflclo-f Mwce F € RX), -, € Rex

Wf\wﬁ_% £ € R(x on [a, b] a~-dl qﬂl{ﬁt‘:b]f‘h&n

£ € R(x) on [ac] M on Le, bl , cn~d

j-f’c:(w: +j1cdv< f—Fofd

Poef o Sonce F € R 4o given € >0, I a perfifon P

n‘g [a, b] 8 1

U(P£«x) — L(REfX) < €
bt P be a :"ekﬂem%{ C% P such that P'= PUYe3

Th ea
L{(P+F«) < L(P*‘_,ﬂm < U(P"f,ac,.ac) S U+ «)

This gives U(P,fe)— L(Pis«) < UCPfu)- LIPEx) < .

et R a~el P, olevotr bhe sefs J) povinis A P betwveon [ac)
orel [c,b] }M]nediveﬁj, Then B ond B cue peutifonu )
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[a,c] oa~d [ca bl Fz,a/bpecjime,id L. PUP. = PE.
Fusthes LD(PS£fx) = LV(PR,f x) + U(R,F«)

L (P5F,«) = L (P, f ) + L(RF )

So
U(CR. fo)— L (P, f«)+ U (P, f)— LLPf«)

- U(P:{: o) _'_L(P::)C,F{) < E€E
Stmee  each & the numbex U (R, f,x)— L(P,£fx) el

UCP ) = L(Py,F ) 8 Y"'W—W,eﬁ,t\,tt\/\f‘_) it fllows that

U(P,f <) — L(R, fx) < €

U(CP,fx) —L (B, fx) < €

Hewee + € R on  La, cl a~d [q bl

. b
Ik yemairg o ghow f-ﬁda(-,t f:ﬁdo{ =j‘Fd¢{

ot P, be any parlihom ef [a,c] ard P be any pm:h‘fw’w of
[e,b] Then P= RUP @ & pakibom of [av]  Auch tat

UCPAx) = U (P, A=)+ U (P, £

cnd L (P £, =LCP;,-F,0<)+ L(Pi,'f,n:),

Nowr
b b
(Foa = J fdo < UCPE®) = O(P, £+ V(PR £ )
o L

Keebing R fixed amd Tty infimum  over all paikhons P A le, b

we gek b b
f’fﬂm s UCCR£=) +f7Cq'ot
o C
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NS ‘{n,}r.:ha 'm-ﬁimum over ol peut Ny Ry Ca el e fave

b S b C b
|felot < [ Pdat [ gl = [fol +[fda

a o (s P

honce F E R(x) on [ac] awd [kl

Agniﬂ L
J"pc{a.- = j fda 2 L(PEx) = LOP,£«) +L(P &«

2!

ke.ﬂ-r’ilf\g P, -64"“)(4';01 Ml _tq..fd\f\g MP&_@ muy  OVEeL aﬂﬂ -[} M_{jrhwé

NS “la,{ﬁ,f\,j rgbu{;;&,emum o veL ELJE/(. bmrf\"m R (Jl [q’c.,j ;

we fave
b C b o ks
cho(a( p j Felot + ijc:{m: = j—)cdod—:cf Fd (2)
* ' = E_ A &

Enm ) £0)

b C b
J.jco{a{ = J TFdo{ij‘jCG’rD{.

heslean ‘EL £ E R on (a, b] can-ol L{, [Fexo| < i<

then

:
/fjcd,,\} < k [weby- ]

Eﬁh Lot m, M be the bounrds (DDtF on [a k]

Lt P= fa=2,%, 2, ,an =bY be a pabhhon of (a1]
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Suppae  Mp = Lub £ in [xyy, %]

Al I = -ﬂ?b £(x) l/"h_ Cxia, 207 for = 2,3, _ . n
Then < wp € M <M for- = 1,2,3, _ ,n.
This nnplies

" 12
M [K(b) —«(a)] = Z m Aoy < Zm. A «;
J | (=I

L =|

(A
Jrl\/\:i
=
>
=

= M [&(b) - (a)]
that o,
w[K(b)— k] < LIPAD S U(CPFx) S M [&(b)~u(a)]

b b
Bt L(PAHx) s |fedx < j fde < O(P£

i

So we have
b _b
m [ «(b)— % (a> ] < I—Fdo( < facc:fo{ < M [X(b)- X(a)] (1)
= o
b —b b
Sonce A E RO 40 jt,ccm =ffq'p<= f‘fﬁ{ﬂf
a@ 7 et
Theaefete (1) b lies
b
m [((b)—(ad] < f—Fdo( € M [x(b)— <] (2)
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T'}:\eeu]ﬁgu — K [ X(b)— o(fn.ﬁj € m [(«(b)- L(ad]
b
< f{fdac
'

< M [x(b)— xca]

< K [&x(b) — & (ad]

tat s,
_k[d(b)—o{&ﬂ < jj‘:daf < K [x(b) —u({n::_]_

Hewnce f ijG(c,{ [ £ K [x(b)—wx(ad]

_{T“lfﬂﬁ'/m_ Supphede :F‘ 8  bounded on [ab] , F Rag Wzézf

wtaéa MAaNY PW’"‘B f’{- MCM”A”L{**}{ on  [a,¥]), andl

milinuovs  ab evewy povnt  ad ,/Jﬁ,w\ £ i
dtrrgitinwond.: [hem F E R ().

Prof - ot € >o be Gren

Pt M= dup |[feoo| on [ab]l oand Lot E b2 the set A pis

(% Cornlinuond ot ovevy Pcﬁ'}\'& d% E, we can Coves £ by
%l‘ﬂ-;'l:f/ly Ynaﬂ\j, ﬂbljjem;’\ﬁ_ wﬁzwﬂ,& f‘{;‘; LFJ-] C [a b] £t
the Aum Oy the comresponclivg  deff-erences o (vr)~ w(u;) i

Lest Yhaw €.
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24,

— a0 (13—
o = Ca Cq c, b

Fuithermote, we cam place there mtewwals in Such a way
thak eveny pownt EN @b les v the inloriot of
Aome Ly, v;],

Remove the Segmewts  (ug vy from Lo r] r.
The rem ainivg aect K W compact: Hewce F is Hmfnkmﬁg

Cmﬁﬂum on K. $So 3 S >o At
[F8) - fer| < € U 8+ EK | [4-+ < &

N "FDW A Pmrf‘w [? = {zﬂ;x:,-—;‘bﬂ} N [a b]

I X not one of the Uy then Az < 6

Note fiat  Mp—w; € 2M for evews i cuel hak

M=wm; < € unlews 2 B one dy bthe Y.

Hemnce U(Pf,)— LC(P £x) = Z(M;—th) A

L=]

< e ) Axg +2M ) (% (o= A ()]
= J

where A u the et A thote i € {12, Y Tor which
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So

UCPFf,x)— L £ ) <

€ [ «(b)—K(ad] + 2ME
Svnce € >0 s MH"rWy o ﬁaﬁams Hat F E Rcxk)

Example it £ be a wmtant  funchom on [ab] defivied >y

f(x)= R ond &, @ mono{—a‘rut‘.a.ma wmw»} fun ko

h b
on [aq b]., Then j folo exlilt and fjcafof
a a

R [ (br)— @]

%. LQjJ P: {a:%ﬂ;x{;?aﬂ —y Tn = b} bé o8 PWHW E"g Eﬂ:-bj_

Then M = Lub £ on %4, 27)

R
R

[
you
>
2
I
pa)
-
3
™
o
NJ
|
R
R
(Sl

and .
A o Z Ay = RLxX(b)~ ()]
I::I :;:I.

This Rolols  fir each poubbon P of [ab]

So b
J"{dc,( = imf V(BLx) = R [o(b) = &(as]
a P

wd b
f{da: 8up L(PFfu) = RLAB —o((ad]
a P -

% b —b

$vnce _Y fdx =J7Cdo( Fu Ri’t?mam-r&h‘dﬁ& 'm"}eg&alofe WA t,

& a

b
ard [ fdu= RIx(—o(@)
a
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Theotean Supprte + &€ R(xd on labl, m <+ < M |

2

ST contivuens  on  [m M] ond Rx) = b (Fr) on [ab]
Then R & R on [a bl

P&.@j‘f —~ Lt & =0 be given.
Since b 18 conlinuers on [mml, b s unifrmly conlinue

on [m,M] So 94 & >0 2t. §< € oand

{¢(53—¢&3l < € 'v-g [2—t] € § a~d At E[mnr] (

UCP £ «) — L(Pf <) < = (2)

L M = fub £x> [oes—; 2,

m; = g€k F00 o [, X,

ME = Lub R 0w [ xi]
Gl/'\E‘,[ H’{E = %aﬂ £ (x) m [ x4, ) jED'L 2=1,2,3, —, N.

Divide B nusnbers [, 2,3, -5 imfo two  darses :

P e A ¢ Mi-mi <8,
L B y Mi-mZ 8.

/ / -
For te A ouwh choce & § bmplies  Mimmi < € (wivg 0]

P’];J-— m;! € 2K whew K= Aup [¢ct)] mstSF

g

Hewce ¢ Z A & Z(Mf““ﬁ) Aoy & ZG")E—W}L) A o

L=l
_ OCPEO— L(BEx) < §
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o that ZAO{E < 4.

LER

lheacfine
n
V(P 6« —L(PAR &) = Z (H,;f— Fhlf) A“ﬁ'
(=

= 1 N J
Z (ml —-m) A of; + Z (Mi'_ p-hl.f) A o,
[ A LEDB

< e ) Ax +2akK Z Ao,
(EA LeB

< e [&(b)= & (a) + aKS
< € [ «(b)— x(a)+ 2K] € ce)
Since ¢ wad wJ;:H,.wa , we 9.9/6 RE R(x)

Theaem JL £ € R and g € R(x) on [ab] , then

(@) fq € R (x)

b)  IFl € R(x) o }ﬁfcfﬂf/ .gfmdap

Swee £ 9 € R®) 8 f+g3g € R, F-3 € R(x).

Thenfote  (F£+9), (F—9)° € R
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e mplies %[ (3c+3)‘1_ (fi—‘;;t)zj c R
Hat g € R which proves (a).
I we ke $ped) = [t on Lmm] | e Rave

RO = P(£(x0) = [frx>] = |£1(x) on [a, b]

This  gives A= 15l Agaim by lant thenewm, (£ € R

b
ChooSe ¢ = *I R0 that cjj’—“da{ Z o
Them b b b b
l j{dﬂ = r:-j fd = J-C-'.FD(G{ < f[aclo(‘x

Avnce cf < |£1

Howece bHhe sosuwlt.
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<9

?iemahﬁ-jiia&’,ea 'm‘to,;ﬂa.[) as Uit of _&um

]ltg Lt f be a bounded and % be mmnofonlmﬂﬁg ﬁmt‘/t.o_a,a-h-j,

‘gu'}r’\CHm"l on [a bl let P= {ﬂ=?ﬂ’n,xgj_.JZ‘ﬂ= bj’ be a bmﬁﬁﬂ
ﬂf I:{I, 1:'3—_] C-lﬁfﬂu th‘fl:-— :‘bn b& POFY\B Su ch H'\ﬂ-i'

tf S [xf—l", ?LJ :Fﬂg_ i: |.r-"?_,: J_Jﬂ.

Then the  gum Z’ fo) Ax; B called « (Rfemqwh—g-ﬁeﬂ%fg_sh
=

Aum w% f i HLSLPEci‘ to D<.. “and U dewoted Llﬂh S(PFf,x)
\nle .S“r:‘ly Hr\_cd:

S(Bfu) = L

P[0

d {k every € o, thew exbits o § >0 duch Hsch
Pl <§  umplies [ S(Ps-T | < e

Thegew L& Livn
IPl—=e

S(Pfx) exiB |, then £ € R(x) and

Proef  Suppete hat  Uim SCpy

Pl o) exils and u quﬁtﬂ b T.
=0

Then pven € >0, I § >o st |PI< S unplics

|ScPf-T | <« E
& T-£ < SRLo < T+ € (0

Choose oo pedition Pl{xﬂ,xh:t';_,_-::t,n:lﬂ} 3t P < §
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lL we Lot Hhe ])o%n'lﬂ E = 2avge over e m{%vaﬂ_[?fq,xﬂ

ol  take Hhe Lub cid rg@b E% Hhe numbens S(CPF, x)

Ao obtcuned | then (1) Vel

I- € < L(Pfx) S O(P£wx) < I+ _E. ()
that G,
V(P f,x) — L(BFfx) < €
b _b b
Hemee £ € R(x). awd J‘:Fo{n-:'= r{dﬂtjjﬁdﬁ
o o a
b _b
dine  L(R£0) < [ fdu < [ Fdx s VCPER) | we Rave
a a
- b
L(Pfx) < I:Fclm' < UCPRfx) (2)

Ubing (0 tn (D, we qet
8

T-8 < [ fdx ¢ T+E

A

b

J'-Fcfc( -~ T

oo

{;I‘,-

< £ -
T 4 E.

Jince e 1 Clﬁ,,b'i'kwt,td , it ﬁr@ows Hhat

b
f{dm = L
H&mte "
f“c"’“"“ SR gw)
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3.
The next bheoleyn tells s Haok bthe .:?gmlao‘e ol (%) Ccan be

aﬂ:ﬂac&i. btd. Lxrdee n the Rievnarm S'hcfi:’t’s mfeg"a_a,g f}(mc{m

Thu & the Bt‘h/\ﬁﬁl\ﬂﬂ n U\rﬁad\ Riemarn 5+|E€‘i:jﬁe5 Lh‘{‘EﬂA_A_Q
?z_eolme,& v Kiemmann ih’fEﬂA,q.Q.

Theeslew d F €€ R avd o'€R on [abl bthen £ € R

b b
- J{—do( = f (x> ot2) doc

-

Povf - Since ER, «'ER |tk fellows hat Fo’' € R

Svnce £ @ bounded, d M >0 2.4
£ < ™ V- e € Cab] (P

[_,;l_- C S0 be g,tvem. Sihce. -an'ré R a - D{FEGQ, théeaa Q}('W‘E

§ >0, & > o0 Auch Hskt
b

Zﬂ:fi)o(f-h ﬁx'_,(jco{dx < E ()

E =1

{:’-U%,QJ,Q pa.Aiﬂ\w P wh [Pl < g o~d all 4; € (2, 2]

. b
o<l { Z o (Hi) A?{; — f u:"ole <e (2)

a

for all  partibort P oudm (Pl < & ad all 27 & [xeq,x]

\fnuayfhé tr n ), wne "f\av&
b

14 s ;
Z [« Cte)— «'(800] Air;{ < & & (t) ﬂ*‘ﬂ'—fofgx + f”‘ax—zﬂh;)d
(=1

I= | o | o

< E+€E = 3€E ffz rP('(J.L;”Er:{fE[R}-"“:['

Thia twplies 24 M
) ['ceo- 'ap| Az; < se ()

€=

we\eﬂewe-:s‘ [Pl < &, 3 + € [xi, 2]
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et § = min{§ &Y Chovte a Padfh"m Powith e < §

Mn C/}WJDCTLE ‘tf' € [5{'{—.',7({]_ Bg YyNLe2oy VQJ]MQ. (e aLgn crfz
D%w’“_&“p Collewdus, 3 3; € (e, 2:] At

Ao = w(xr— X (2) = *'(80) (- 2) = «'(8;) A,
Therefore

" Y
) FEOAdi = ) fo) (30 A

|=I\

—
——

v\ Aa'
=) ARG Axe 4 ) Fto [«'an-w'cp] Az,
= (=)

So A b

) Fed A - [ £’ ez

.
=1

b
N v
Z FCte) « () Axp + Z fde) (o' t8r)- '] A X — f F otz
= : a

r
=1

/)

b
A A4
< Z —ra~[-uc<’({1-)am-—jw’dw! ) Hdol l«mr-<'tol Az
F:'_f o frzl
< e+2eM | uHwg @, D and (3),

- 4 . 1 b
ThiA tmf;h{’.é, L Z f0) Ay = J-'FD(HI

|F‘[—-‘ru T:|

K b
Hewce f’cdc{ =j folde
0. a
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So

aﬁc’l

33,

b b
f{d,.: = fn%o o x> e
o o
2
2z 2
2 . L
f‘,’[ldxl :anzxcl;c = zflﬁd'f-: ?—,TIQ: &
0 0 2
1 :1
J’ ) dx* = f [>7] E?cO'I

Il

Il

- A 0 0§ x<|
QJ:{A:& - [zl = |
. & < 2
r
2
121 = =] = .3
L
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3y
We now estab&ih « comnehon  bebween Hhe ntioca.d

ool Whe iy hatos 0n oo Rie yram - Stetkjes 1;#&3/,;\,?_

We stow Hot the E%T,%""WCG G'JF' f‘FE’LD{ WPU::& h.e.
exivtence D—F jo{df.

lg £ € R(x) oM [a,b] then &K C R(£) on CLab’l

b

o 3 L) d F )

J fx) dot(2) = L) k() — Tl {,.((ﬂ)__J
(L

o

ij’,__ Lk P= {2z 2, X, _, Xny be & b eutiben  d) [ab]

2.4 ¥y < t < 2y b T=043, M.

Lﬁt (e ,3(1}#\‘%’% { fﬂ:":h —_— tlﬂﬂ}

Choute i, ta, —>tn
an-ol  take <, =4, Trpt = b.
b&_ GLE’/V\D‘boﬁ .l::'ac L . Then

ﬂ .
Y ) [ (=)= (2] = ) k(b)) — Fa) x(a)

Nl
— Z o (Zi3) [ Fe)— F( ]

(=1

I

Ao Heak
S(P'{:D‘J - ,jc(b-)m(b)._—-f-{a') AL ln) — \5‘(53,,“;3&)

Ao ce- _tf,—| £ 4Ayq4 = 7'-_[ X

Tq,}:;vﬁ Lok as [Pl—~o0 , we fave

b
jjcolc* - () X (D= Fld (@) — W S(&,& )

ldl—0o
(4
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This Shows lom S(quf) exisBB, &
|&1—= o

X & RED.

Hence .

b
J‘{G{"f = (b)) X(b)— F@) X(a) — f X cdf

oL

Mean Va[ma theaweyn K ‘.E{nr Rfemqwh-Sﬁeﬂ:ij, J«,q'fe?\,d,g

Cinst 1neamn Uc:L'mt’i; th e sreyn 'F’f" __R,EEh‘xahm— S‘Hﬁdtff,& M:W{’_E—f’ih,t-{/ﬂ‘

Yy £ b conlinuens on  [qb) ard o B8 m@mn{'c::ruc»ﬂﬂz’

moeating on [abl  then 1 o pewmk € it [ab] &J;

b
fjfc{of = ) [ X — &(a>]
a

Eﬁl‘f = Jl Sl@ = L) Ui Hhestean, faotols ‘tﬁv{::bﬂéj

l"_
Alnce €ach tele &Tmféom bat case.

So ar’kume X (b) > «(a).

Ltk wm= géb f(x) m [abl] ol M= Aub Frxd bn [a L]

Then m < fx < ™ for all x € [ab]
b b b
So de«' < f fda < [Mdﬂ X
o a
Hat ©s | b
W [o()—o(ad] < jﬂfal« < M [ot(p —odcar]
b
o ' ffd <
mos X s ™M,

[()—ulld] &
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b
Put A = i facalo{ Ao hhat m< AS M.

L(b) — L ()

A.

b
b thzﬂ{o{ = N L[«Cb)— n{Cn)J (1)
o

Now A€ [mm] axd £ aMumel  evevy valne bebveen

U bsunds. S d c € [ab] 2.t £fi©)= A .

Hewce b
(fax = F@ L= wto]
a

vaca' _

Jécwﬂ[- meam \fﬂlmﬁ Ehe,dl.em_

Lt jC be yrorotoric on [a;b] arn-d o« be ye sl valuwed
moﬂm%ﬂnlc;\.ﬂﬂ/g Gnoq,a.-m’m\«—-a_ Con i nu ans ﬁuwd\’aﬂn on (a bl

Then 3 a pomt < € [ab] 5%

b

J'-Fdo{ = S(a> [ xCcr— (o] + F» [ Kb -« (2]
Prof By ponkial Udegralon  fotmula e Rove

b b

jjfdot =  f(b) *(b)— F(a) ((a) — j oL A f (1)

ch

Jince o B Cviinuans on [av] by Lot meam wilwe. Biesti
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37.

Pu,H-nv\a in (1), we Rave

,
(fda = #(0 «(w— Fa x0) = we) [F0pI~ f5]

A

= (b [ &(b)— x>)] 4+ Fla> [ &)= o(tas]

Defn (gt £ be a bounded el valed funchon elefined
o [ab] avd oo be a funchon of bounded vatiatson
over Cabvl. Ther 7] mm-alewv\ﬂ ’Euﬂd\"m 2 £ v

ovn [a, b1 2. X = F-—‘r— We G’(E%\'h&

b b b
[Fea = [ fep= [ £dr
]):fﬁvi‘dmi tuso l;ﬂ_{ﬁg/?,.%!& on RHS

3

. — j '
difP enence p;g ‘W Y’loh-dt?w.WV? ﬁuﬂohm [z] anrd >
5 3
} -
[ x dfte-w = [ % Al = | =d= (0

1 3
Buk j x d(fx]) & F(3) B — F@pl0) — J’ [] d=

o

Wwhew F(x)=x, PG = [=]

3 f 2 3 ; 2 3
ovfo' J [x])dx = JE:&:]G{-’E—!‘ f [x] dif-f-_f Cxlda =_[ﬂdw+f_lcl:r+f20f:r.
D o / o 0 r 5

3
3
H%LE J xgl_([xj_x) = 4—3 —f:(d?f = é___% _ % AM

D

Scanne d with CamScanner



Thegiemn (G\ﬂ'ﬁgﬁ DE vasiable )

Ju_Hms.e qS L étuutﬂ& &mmwrﬁ cwtﬁum gl.,{‘ﬁc_,\({gﬁ
that waps am  intowval  [AB) @nbs [as). Suppete = i
W onotoni c:..dﬂ.& hcreasivng on  [ar) avd £ € R on ra,L]

D-e{’ﬂwe p Cnd. 9- on [A B] bg,

B(Y) = (¢ ., 904 = F(Fy)
b

3
fg.d;s = f + dox
A a

Prﬁujeh To each pa}.iﬁh"m’) P= {a,ﬂq,_,%} cq? Ca, b] Cm:zs}:*wc-fé

Thean g E R(pP) and

. patifon Q= { Yo%, -, %Y o [AR] 3t x; = plyp.
ML poukibons of [AR] Qe obtained in thix way ASu.ce
b 1 invedible.

(A Mi= Lub Fo on [ R, 2]

avd  mj =glb f@ m [xi, 2] |

Jince e values taken -...l_nl} £ on [xe,%] a~e E}fad‘eﬂ the

Aame ar thoste taken by 9 on [y, 4], we Lave
lub .g,_(laL) N [ Y4,91) = Lub P in [, 2] = My

Aol Qtb g9y O [Yg, 4] = 9€b Lo i [xe 2] = my

Jo

U (R 9,p) = Mo [RCH) = B(Y))

L
Z Mi [ (b (40) = o (b (9e0)]

(=]
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L4
= Z Mi[X = (0] = U (P £ w)

L=

STHL'EMHJ

&:‘ma f € R ,there 3 fm-xiﬂfmw P o% fa, bl X}

L(Q,qgp)= L(PLx).

UD(Pf) — L(PFfx) < E.

[his vvnp lies
U@, g,p) — L& p) <€

Hence 9 € R(P.

b
Alro L(P£«) SJ-*J:C’“{ < O(PSf,«)
' B
ard L @96 < J glg < U (@9,
A
These give
b . B
— [U(P£e0)= L(P £ < Jaﬁdﬁ" _[ 9B < U (Rhe)— LPLad
: ‘ﬁ s Ay
thad T, h 8
jjccm — [ 9dp| < LCPEO— Linra Ce
= A

Svince & aabithany,  we fave

3

b
JFu = [ gdp.

A i R

_I}l_nﬂ‘ﬁ_ Tﬂl’(-iha_ () = %, we have J f(x)dx = J f(¢(9>) d‘?bf'd-j
“ A
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o

Infeﬁﬂw:uﬂﬂ and Dy erenls afion.
Defn Y F ER on [arl trhen the funchom F olefived o s

s
% F(x) = I £ erdt

i called integpd  funchon  of .

Thevwerm Lt £ ER on [a;b]) .

P4
Fo a<x <b, putb
F(x) = fncmdi‘
(8

z ‘ﬁw\,f'hmmm , 'Lg + 8
~ ‘b& OLL"FfE.MH_tI‘ﬂ['J!i.

Ten F u covilimuent on  La b’
Cﬁm'b”hmovu& A a If-‘cfﬁﬁ‘t Xo G’ﬁ [a, b] ,h’\m

Cd: .rn a"’d Ff(‘;"a') = f0) .

Pt Sve £ € R on [ar] | 4+ & beunded on [a¥]

S 3 M>o s £ € M f ast<b.
WA € >0 be givem
lL - -ﬂxdgf_ib , thern y o
— At
[F(‘#')—F(:r)' = ( f—Pfila{i JJ—"C:!) /
J
- }J%ﬁld,&/ £ My—x) < €
%
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"
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TL& ﬁuﬁcﬂ.ﬂmhﬁw Hﬁﬂﬂﬂw r_&% Qqﬂfu/pué

lL £ R on L[a b] an~al L{) theie 13 a GLffW-hf\“alslﬁ

func/f\?m — on  [a bl Lduch Heat Fr‘: e ,, A en
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J__F(.K]C‘x — F(b) -—Ffﬂ)
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l)mﬂ{fw P = ‘{.xﬂ;xi:*.:%} ﬁ{g Ca b ] £ u ch hat
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Au Ch HaX | r
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= (x;—%i4) Cti)
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that ©,

G b
Z—F{h‘)&x; —-J-nﬁ(mc(n:/ S OPLr)-Lips) < &

f:[

U%—tra (), thia gives
b
[Fm— Fea — Hm—x/ < e
al

Since this ﬁg&u%xwepa,mﬂwe,

b
J"ﬁ,t-,dx = F(b) — Fl@).

Th esterw ( l'nke;jg‘a-{w“oﬂ JDI} fu@)
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L
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A
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o

b
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o
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Tntepolion of vedor -values funchons

D et Hi, 2, — », Fp be al funchors  on [a,b] ad Cok

£ = (Fi, %, - >Fp) bhe Mhe CMPWC(}vﬁ mn,ppcyﬂ "ﬁ fa ] G RFT
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a, b for (=12, _,R,
wﬁw “Eiﬂ%' ONL %_g,qi? ’E"uﬂof\m on L[ab] J
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Nowo 35 E R+, é}oi’. Cach j=12,--,kR So £ ER (o 4a,)

And
b b b h
f f d (040D -——( f:c, ol (of,+ o2 jfﬂ dio o), .- }Jacﬂd(or.+of;))
a o 23 a
: : ° b
(Iqu’,—l—f fioe,, - -5 fp oo, +H :thn{l)
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b & . °
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Fundamental thesem of callewlws Pot. vedor - valued funchons

Thestown I}, f a~d F map [a,b] into 'P\Rj 1, £ € R on [ab]

Ml hLL _[E-! — ;C_ , Haen

b w—
J‘ rdt = F(b) — F(a)
a

P’Tﬁ . Lg,‘t ? = (UCI;'FJ-::—-*; 'FR) fl'ﬁC}!- E:(F‘“ Fios — - !:R)
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\
RA
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b b
So R
j(['fh fJW) do () < ILJI["FC%)IO{D(C{-)
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Deﬁ A conlinuaons ‘mﬁ:faf:iwg Y "E amn t;mJCeﬂ,Un,p [a,b] tnts ’F{’R
B callad a cuwnve (n RR.

I T b one-to-orme, ¥ U called an auc-
O Y@= yvbd, Y B Bcicd tv be a clged cuwve.

We arsociate o each baohfen  P= { %o, %, _ , 2, }
of [a,b] awvel 1o each cunve Y on [ab] , the num bes

W

A(RY) = ) Y- Y (x|

—
—

The ith tteom ;M his 2um 3 the duslance Rk between

the poin®  Y(xz) avel Y (). Hence A(PY) i Hep le g Hh
of a bcﬁﬁmaﬂ path  with velices ot  v(x), Y(X), — -, T(an)
n this okeler.. B ouwn partibon becomes finer and finen

this  polygon approaches the %ange of Y mole avd mete

hesely.

Alr) = 8up A (PY)
Where the 3ubsorum 2 taken over all partibons  of [q1]
LL A(Y) < 0 e Lay that YT i3 :mdigfable.
In certain cases , A 18 given by a Riemamn fh{'ﬁf_}/'\.ﬁj.

We 2hall P&mve. th'ia ‘ﬂcﬁ. CoﬂtﬂMM&J o&%gmnt“alole

cwives 12, ot cutves Y wRofe cletivalive Y i

Cem‘Li NUOWUL .
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Thedtemn (et Y be @ curve (n 'TQR. q '3 conlinuems on la,p]

Hhen Y 1B ﬁLEc‘ll‘g'{qb’El and
b

/\(T) = J JTF&}[c&

L

P'JU‘C]"EJ- J-(’;t P = {xﬂﬂxh?l:—i:{ﬂ} b(.?. A pmthﬂﬂ D-F Eﬂ' bj
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his A ofols ot Evevxa pmﬁﬁrorﬁ P of [a )] CGME’_ELM%
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o
To preve the oppesite inequality, Ot € >0 be given
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Ques Find Hhe value of J (1) d(C=1)
O
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