CHAPTER
WO
MICROWAVE SPECTROSCOPY

2.1 THE ROTATION OF MOLECULES

We saw in the previous chapter that spectroscopy in the microwave region is concerned with the
study of rotating molecules. The rotation of a three-dimensional body may be quite complex
and it is convenient to resolve it into rotational components about three mutually perpendicular
directions through the centre of gravity—the principal axes of rotation. Thus a body has three
principal moments of inertia, one about each axis, usually designated I4, Ip, and Ic.”

Molecules may be classified into groups according to the relative values of their three
principal moments of inertia—which, it will be seen, is tantamount to classifying them accord-
ing to their shapes. We shall describe this classification here before discussing the details of the
rotational spectra arising from each group.

‘1. Linear molecules. These, as the name implies, are molecules in which all the atoms are

arranged in a straight line, such as hydrogen chloride HCl or carbon oxysulphide OCS,
illustrated below

H—Cl
O—C—S

The three directions of rotation may be taken as (a) about the bond axis, (b) end-over-end
rotation in the plane of the paper, and (c) end-over-end rotation at right angles to the plane.
It is self-evident that the moments of (b) and (c) are the same (that is Ip = I¢) while that of (a)
is very small. As an approximation we may say that I, = 0, although it should be noted that

this is only an approximation (see Sec. 2.3.1).
Thus for linear molecules we have:

Ig=Ic 1,=0" 2.1)
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~ Symmetric .
atoms are t::p;. Consider a molecule such as methyl fluoride, where the three hydroge,
nded tetrahedrally to the carbon, as shown below:

N

H——C—F
W

As in the case of linear molecules, the end-over-end rotation in, and out of, the plane of the
paper are still identical and we have I = Ic. The moment of inertia about the C—F bond
axs _(choscn as the main rotational axis since the centre of gravity lies along it) is now not
negligible, however, because it involves the rotation of three comparatively massive hydrogen
atoms off this axis. Such a molecule spinning about this axis can be imagined as a top, and

hence the name of the class. We have then:
Symmetric tops: / = Ic # 14 I, #0 (22)
There are two subdivisions of this class which we may mention: if, as in methyl fluoride

above, Is=Ic > I, then the molecule is called a prolate symmetric top; whereas if
Ig=1Ic <l itis referred to as oblate. An example of the latter type is boron trichloride,

which, as shown, is planar and symmetrical. In this case I4 = 218 = 2lc.

Tl
B
c1/ \\cl

3. Spherical tops. When a molecule has all three moments of inertia identical, it is called a
spherical top. A simple example is the tetrahedral molecule methane CHa. We have then:

H

C
H/ I\
g H
Spherical tops: I, = Ip=Ic (2.3)
In fact these molecules are only of academic interest in this chapter. Since they can have no
dipole moment owing to their symmetry, rotation alone can produce no dipole change and

hence no rotational spectrum is observable.
4. Asymmetric 10ps. These molecules, to which the majority of substances belong, have all three

moments of inertia different:

L#I#Ic (24)

Simple examples are water H,O and vinyl chloride CH;—=CHCL

A~ =

H Cl
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Perhaps it should be pointed out that one can (and often does i
_ : describe ificati
molecules into the four rotational classes in far more rigorous ten;s than hal:':;:;sl.rﬁua%l:,::

(see, for example, Herzberg, Molecular Spectra and Molecular Structure, vol. 11
the purposes of this book the above description is adequate. » vol. In). However, for

-

2.2 ROTATIONAL SPECTRA

We have seen that rotational energy, along with all other forms of molecular energy, is quan-
tized: this means that a molecule cannot have any arbitrary amount of rotational energy (i.c. any
arbitrary value of angular momentum) but its energy is limited to certain definite values
depending on the shape and size of the molecule concerned. The permitted energy values—
the so-called rotational energy levels—may in principle be calculated for any molecule by
solving the Schrodinger equation for the system represented by that molecule. For simple
molecules the mathematics involved is straightforward for tedious, while for complicated sys-
tems it is probably impossible without gross approximations. We shall not concern ourselves
unduly with this, however, being content merely to accept the results of existing solutions and to
point out where reasonable approximations may lead.

We shall consider each class of rotating molecule in turn, discussing the linear molecule in
most detail, because much of its treatment can be directly extended to symmetrical and unsym-
metrical molecules. :

2.3 DIATOMIC MOLECULES

2.3.1 The Rigid Diatomic Molecule

We start with this, the simplest of all linear molecules, sh_bwn in Fig. 2.1. Masses m and my are
joined by a rigid bar (the bond) whose length is

rp=~"n +r ) ' (25)

The molecule rotates end-over-end about 2 point C, the centre of gravity: this is dgﬁned by the
moment, or balancing, equation:

mrn= mafa (26)
m, _:'3
b= To |
— = g |
)\
C J
- ry r

.- L=y
Figare 2.1 A rigid diatomic molecule treated as two masses. M and . joined by a rigid bar of length ro =11
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The moment of inertia about C is defined by:

I[=mn +myr)
= myryry +myryry (from Eq. (2.6)) (2.7
= ryry(my +my)
However, from Eqs (2.5) and (2.6):

myry =myry = ma(ro — n)

Therefore,
myro (2.8)
_ maro d mn=—""Cm-.
" omy +m = _ =
Replacing (2.8) in (2.7):
__mm g &)
T my +m

where we have written p = mymz/(m +my), and p is called the ri‘ﬁcedt:ﬁ: :ll;;slz zﬁc
Equation (2.9) defines the moment of inertia conveniently in terms of the 2

bon(}a;cfhg:hﬁse of the Schrdinger equation it may be shown ﬂ?at the rotational energy levels
allowed to the rigid diatomic molecule are given by the expression:

hz
B =g

In this expression k is Planck’s constant, and I is the moment of inertia, either I or Ic, since
both are equal. The quantity J, which can take integral values fron} zero upwards, is mﬂ?d the
rotational quantum number: its restriction to integral values arises dlracl.ly-r o:ut of tl}e solut&qn to
the Schrédinger equation and is by no means arbitrary, and it is this restniction which effectively
allows only certain discrete rotational energy levels to the molecule. _

Equation (2.10) expressed the allowed energies in joules; we, however, are interested in
differences between these energies, or, more particularly, in the corresponding frequency,
y = AE/hHz, or wavenumber, ¥ = AE/hccm™', of the radiation emitted or absorbed as a

consequence of changes between energy levels. In the rotational region spectra are usually
discussed in terms of wavenumber, so it is useful to consider energies expressed in these
units. We write:

J(J+1) joules where J=0,1,2,... (2.10)

_E__h :
EJ—E—WJ(J'*‘I) le (J=0, 1,2,...) (211]

reciprocal centimetres.
Equation (2.11) is usually abbreviated to:

where ¢, the velocity of light, is here expressed in cms~!, since the unit of wavenumber is

es=BJJ+1) em™ (J=0,1,2,...)

(2.12)
where B, the rotational constant, is given by

M.
81[11 BC —
in which we have used explicitly the moment of inerti
. f
and a rotational constant C, but the notation otl':;;l:t]l;) -

o (2.13)

's- We might equally well have used I
1S conventional.
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J £y
6 42B
§ — 3JoB
4 — 208
3 — 12B
7 — 6B

1 2B
0 — 0

Figure 2.2 The allowed rotational energies of a rigid diatomic molecule.

From Eq. (2.12) we can show the allowed energy levels diagrammatically as in Fig. 2.2.
Plainly for J = 0 we have &, = 0 and we would say that the molecule is not rotating at all. For
J =1, the rotational energy is €) = 2B and a rotating molecule then has its lowest angular

momentum. We may continue to calculate ¢; with increasing J values and, in principle, there -

is no limit to the rotational energy the molecule may have. In practice, of course, there comes a
int at which the centrifugal force of a rapidly rotating diatomic molecule is greater than the
strength of the bond, and the molecule is disrupted, but this point is not reached at normal

temperatures. .
We now need to consider differences between the levels in order to discuss the spectrum. If

we imagine the molecule to be in the J =0 state (the' ground rotational state, in which no
rotation occurs), we can let incident radiation be absorbed to raise it to the J=1 state,

Plainly the energy absorbed will be:

Elal -g;_0=2B-0=28B cm™!

and, therefore,
¥omse1 =28 cm™ (2.14)

In other words, an absorption line will appear at 2Bcm~!. If now th. molcgule is raised from the
J=1to the J = 2 level by the absorption of more energy, we see immediately:

Viml—J=2 = Es=2—EJ=I (2.15)
—68—2B=4B cm™' '

In general, to raise the molecule from the state J to state J + 1, we would have:

Vyye1 =B+ 1)(J+2)-BIJ+1)
= BlA+3/+2- (S +J)]

or (2.16)

¥se1 =2B(J+1) cm™
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determ
6 first lir
(2.1 6):

Rewr

1.6
Q 48 8B 128 —=

I8 6B 10B

Figare 2.3 Allowed transitions between the energy jevels of a rigid diatomic molecule and the spectrum which arises ‘
from them. '

He
Thus a stepwise raising of the rotational energy results in an absorption spectrum consisting of al
lines at 2B, 4B, 6B, . .. cm~!, while a similar lowering would result in an identical emission
spectrum. This is shown at the foot of Fig. 2.3. '
In deriving this pattern we have made the assumption that a transition can occur from a 5
particular level only to its immediate neighbour, either above or below: we have not, for
instance, considered the sequence of transitions J=0—J=2—J=4... In fact, a rather A
sophisticated application of the Schrédinger wave equation shows that, for this molecule, we i

need only qonsidcr transitions in which J changes by one unit—all other transitions being |
spectroscopically forbidden. Such a result is called a selection rule, and we may formulate it
for the rigid diatomic rotator as:

Selection rule: AJ = %] (2.17)

Thusol;,'q. (2.16) gives the whole spectrum to
course, only if the molecule is asymmetric (heteronucle ill thi rum
o o ! , ar) will this spec
:llcn:e if it is homlonuclfsar Lhclrc ".wll be no dipole component change d'-ll‘ingtlhe rzf (:IPSCrv::&
C€ no Interaction with radiation. Thus molecules such as HCl and CO will b ation, |
spectrum, while N; and O, will not. Reme will show a rotationa

mber, also, that rotation about the bond axis was

rejected ‘ ere a is. Fi
et fs very sl st o i re two reasons for this. Firstly, the moment of
would be extremely widely spaced: this m

ea}::fths (2.10) or (2.1 ) we see that the energy levels
B e ot e g at a molecule requires a great deal of energy to
spectroscopic conditions. Thus dj

=1s .
at°mift:a E:;:n ;ISFCh transitions do not occur under normal
rotation about the bond axis, and inear) molecules are in the J — 0 state for

o they may be said to b ;
rransition should occur, there will be no dipole change and per. & Sccondly, even if such a
No spectrum,

be expected from such a molecule.
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To conclude this section we shall a

: ik pply Eq. (2.16) t .
determine the moment ofu}crtm and hence the bond 'J‘E?h.agiﬁ?::,”w :PCCtmm in-order to
first line (J = 0) in the rotation spectrum of carbon monoxide as 3.842 ;'5" -T_l;la'fe measured the
(2.16): ———— cm™'. Hence, from Eq.

of B=192118 cm™
Rewriting EQ. (2.13) as: I = h/8m*Be, we have:
-)
oo = 6.626 x 10 _27.907x 1077
x 2.99793 x 10 x B B kgm

= 14.5695, x 107" kg m?

where we EXpress the velocity of light in cms™', since B is in cm~', However, the moment of
ipertia 18 pr* (cf. Eq. (2.9)) and, knowing the relative atomic weights (H - 1.0080) T; l::
C= =12-000?7» O = 159994, and the absolute mass of the hydrogen g
167343 x 10¥kg, we can calculate the masses of carbon and oxygen, respectivel

19.921 68 and 26.56136 x 10-?"kg. The reduced mass is then:  (FERpeEtYE Ry =

\
.'-’-'""'"—-_'
M\p}gﬂm _ 19.92168 x 26.56136 x 10~ ey
R 7 1648303 x 107 = 11.38365 x 107" kg
Hence:
F= }-‘I =1.2799 x 107* m?

and rco = 0.1131 nm (or 1.131 A)

2.3.2 The Intensities of Spectral Lines |
elative intensities of the spectral lines of Eq. (2.16); for this

a prime requirement is plainly a knowledge of the relative probabilities of transition between the

various energy levels. Does, for instance, a molecule have more or less chance of making the
transition J = 0 — J = 1 than the transition J =1 — J =27 We mentioned above calculations
which show that a change of AJ = £2 +3. etc., was forbidden—in other words, the transition
probability for all these changes is 2ero. Precisely similar calculations show that the probability
of all changes with AJ = £1 is almost the same—all, to a good approximation, are equally
likely to occur.

_ This does not mean, however, that all spectral lines will be equally intense. Alt.hough the
intrinsic probability that a single molecule in the J = 0 state, 53y, will move to J = 1 is the same
as that of a single molecule moving from J = 110 J =2, in an assemblage of molecules, such as

ina normal gas sample, there will be different numbers of molecules in each level to begin “flﬂ].
itions between the various .

and therefore different total numbers of molecules will carry out trans _ :
e e wil b diret

levels, In fact, since the intrinsic probabilities are identical, the line

Proportional to the initial numbers of molecules i each level.

: The first factor governing the population of the levels is the B . :
71.2). Here we know that the rotational encrgy in the lowest level is Zero, since

We want now to consider briefly the r

oltzmann distribution (cf. Sec-
J =0, so, if we

1 Gilliam, Johnson, and Gordy. Physical Review. T8. 140 (1950).
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& 3 b ¥
: i tate is given y:
have No molecules in this state, the pumber in any higher §
[}

T 2
N3/ N upt_g,;kn=¢sp_[_nhciu+l)fk ] @y
I FTEA =

is 3 =1, A very si
. -1 when B isincm . A VETY Simp|y
: i s W = 2cm=!
velocity of light in €T typical value of B=2cm™!, apg
¢, taking 8 i J =1 state is:

is the
where, we must remember, ¢ 1§ the ¥FL for exampl! |
. es with J, for ‘ the
calculation Shows 1}‘;:,.";5:&:‘00 K), the relative population 1f
room temperature 3

‘ll . ' ]x3m
lﬂ

= exp(-0.019) = 0.98

- _ 1 state, at equilibrium, as in the
molecules in the J i e aore mik
and we see tha!l there 3:; :lggs;r I:Spfl:'l::t}' Fig. 2.4 have been calculated, showing pid
J =0. In a similar way

oh i nd with larger B. "
g Njft:vo mﬁsﬁf?ﬂfufrid—thc possibility of degeneracy n the energy states,
A second factor 1

f - .

f a rotator are:
mom;:mmg equations for the energy and angular momentum 0

E=%fu1 P=1Ilw

1.0
R
09} \\ & sl
\ © B=10cm™!
0.8} NS

o

-

’,
”

o

o

in
-~
”

exp|—BJ(J + )hkT)
-~
~

\ \
03 \
A \
02} \\
\
0.1 \\\
~
0 : A R A : SNoao o
0 | 2 3 4 [ 6 3 3 "—":— 1.(}

Rotational quantum number J

Figure 2.4 The Boltzmann populations of :
A [}
taking values of B= $ and 10¢m"! and Tfﬁ‘ﬁ'?:ﬂé:nﬂuy levels of Fi

(2.18), 8- 2.2. The diagram has been drawn
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where / is the moment of inertia, w the rotational frequenc

’ y (in radians per second), and P the
angular momentum. Rearrangement of these gives:
P = V2E]

The energy level expression of Eq. (2.10) can be rewritten:

hz
2E=J(J+1) 15

and hence

P=VIT+1) 5= = VITFT) units

where, following convention, we take A

(2.19)
: - /2w as the fundamental unit of angular momentum. Thus
we see that P, like E, is quantized.

Throughout the above derivation P has been printed in bold face type to show that it is a
vector—i.c. it has direction as well as magnitude. The direction of the angular momentum vector
is conventionally taken to be along the axis about which rotation occurs and it is usually drawn
as an arrow of length proportional to the magnitude of the momentum. The number of different

directions which an angular momentum vector may take up is limited by a quantum mechanical
law which may be stated:

For integral values of the rotational quantum number (in this case J ). the angular momentum vector

may only take up directions such that its component along a given reference direction is zero or an
integral multiple of angular momentum units.

We can see the implications of this most easily by means of a diagram. In Fig. 2.5 we show
the case J= 1. Here P = +/1 x 2 units = v/2, and, as Fig. 2.5(a) shows, a vector of length
v2(= 1.41) can have only rhree integral or zero components along a reference direction (here
assumed to be from top to bottom in the plane of the paper): +1, 0, and —1. Thus the angular

Relerence
“ direction

(b

.:, —p= (¢)
\ l
A\ W

()

(a)

s mmwuﬂﬁﬂﬁﬂﬂdﬁemﬁm angular momentum vector for a molecule with J = 1.
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(@) (]
Figure 2.6 The five and seven degenerate rotational orientations for a molecule with J = 2 and J = 3, respectively,
ented in only three different directions (Fig. 2.5(3)
n. All three rotational directions are, of course
d hence the same rotational energy: the J = |

momentum vector in this instance can be ori
to (d)) with respect to the reference directio
associated with the same angular momentum an
level is thus threefold degenerate.

Figure 2.6(a) and (b) shows the situation for J=2(P = v6) and J=3 (P 2v3) with
fivefold and sevenfold degeneracy, respectively. In general it may readily be seen that eac
energy level is (2J + 1)-fold degenerate. ‘

Thus we see that, although the molecular population in each level decreases exponentially
(Eq. (2.18)), the number of degenerate levels available increases rapidly with J. The total relative
population at an energy £ will plainly be:

Population o (2J+ 1)exp(—£,/kT) (2.20)
tted against J the points fall on a curve of the type shown in Fig. 2.7, indicating
rises to a maximum and then diminishes. Differentiation of Eq. (2.20) shows

gral J value to:
- @21)

Maximum population: J= B3

When this is plo
that the population
that the population is a maximum at the nearest inte

of the rotational

We have seen that line intensities are directly proportional to the populations
gh J values wil

levels: hence it is plain that transitions between levels with very low or very hi
have small intensities while the intensity will be a maximum at or near the J value given by Eq.

(2.21).

2.3.3 The Effect of Isotopic Substitution
When a particular atom in a molecule is replaced by its isotope—an element identical in every
way except for its atomic mass—the resulting substance is identical chemically with the original
In particular there is no appreciable change in internuclear distance on isotopic substitution:
There is, however, a change in total mass and hence in the moment of inertia and B value for th¢
molecule. '
Considering carbon monoxide as an example, we see that on going from 12160 o 1°C'*0
there is a mass increase and hence a decrease in'the B value. If we designate the °C molecul¢
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Rotational quantum number J

Figwe 2.7 The relative populations, including degeneracy, of the rotational energy levels of a diatomic molecule. The
disgram has been drawn for the same conditions as Fig. 24.

vith a prime we have B > B'. This change will be reflected in the rotational cncrlgay levels of t_hc
molecule and Fig. 2.8 shows, much exaggerated, the relative lowering 'of the '°C levels with
Rspect to those of '2C. Plainly, as shown by the diagram at the foot of Fig. 2.8, the spectrum of
the heavier species will show a smaller separation between the lines (2B°) than that of the lighter,
on¢ (2B). Again the effect has been much exaggerated for clarity, and the transitions due to the
vier molecule are shown dashed. _ o
_Obeervation of this decreased separation has led to the evaluation of pmsﬁzat?:mc weights.
% et al., as already stated, found the first rotational absorption of “C™0 to be at
4235em-1,"while that of '*C'°0 was at 3.67337cm™". The values of B determined from
% figures are;

B=192118cm~ and B'=183669cm™
"> tbe prime refers to the heavier molecule. We have immediately:

|
- T | |
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Figure 2.8 The effect of isotopic substitution on the energy levels and rotational spectrum of a diatomic molecule
such as carbon monoxide.

where s is the reduced mass, and the internuclear distance is considered unchanged by isotopic
substitution. Taking the mass of oxygen to be 15.9994 and that of carbon-12 to be 12.00, we

have:
! ’
g 15.9994m’ 12+ 15.9994
= 1096 = 15550 + m’ X 12 x 15.9994

from which m’, the atomic weight of carbon-13, is found to be 13.0007. This is within 0.02 per
cent of the best value obtained in other ways.

It is noteworthy that the data quoted above were obtained by Gilliam e7 al. from '*C'°0
molecules in natural abundance (i.e. about 1 per cent of ordinary carbon monoxide). Thus,
besides allowing an extremely precise determination of atomic weights, microwave studies can
give directly an estimate of the abundance of isotopes by comparison of absorption intensities.

2.3.4 The Non-rigid Rotator

A.t the end of Sec. 2.3.1 we indicated how internuclear distances could be calculated from
microwave spectra. It must be admitted that we selected our data carefully at this point—
;pac:m] lines for carbon monoxide, other than the first, would not have shgvm the constant
#separation predicted by Eq. (2.16). This is shown by the spectrum of hydrogen fluoride given

—— |
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Table 2.1 Rotation spectrum of hydrogen fluoride

'Fohf Fenle, il ATop, B r
((:I'I'I'I)I (em™') (em=") (= }Qp] (nm)

L
41.08 41.11
0

41.11 20.56 0.0929
82.19 82.18
40.96 20.48 0.0931
123.15 123.14
1 40,85 20.43 0.0932
16400  163.94
3 40.62 20.31 0.0935
20462 20455
p 4031 2016 00938
24493 24489
S 40.08 2004 00941
28501 28493
¢ 39.64 1982 0.0946
] 32465 32461
39.28 19.64 0.0951
g 36393  363.89
38.89 19.45 0.0955
g 40282 40270
38.31 19.16 0.0963

37.81 18.91 0.0969

1 41894 47874

{ Lines pumbered according to ¥y = 2B(J + 1)cm™'. Observed data from "An
Examisation of the Far Infra-red Spectrum of Hydrogen Flucride' by A. A.
Mason and A. H. Nielsen, published in Scientific Report No. 5, August 1963,
Conwract No. AF 19(604)-7981, by kind permission of the authors.

{ See Sec. 2.3.5 for details of the calculation.

in Table 2.1; it is evident that the separation between successive lines (and hence the apparent B
value) decreases steadily with increasing J.

The reason for this decrease may be seen if we calculate internuclear distances from the B
values. The calculations are exactly similar to those of Sec. 2.3.1 and the results are shown in

column 6 of Table 2.1. Plainly the bond length increases with J and we can see that our
assumption of a rigid bond is only an approximation; in fact, of course, all bonds are .elasuc
0Some extent, and the increase in length with J merely reflects the fact that the more quickly a
diatomic molecule rotates the greater is the centrifugal force tending to move the atoms apart.

Before showing how this elasticity may be quantitatively allowed for in rotational spectra,
tic, a molecule

¥e shall consider briefly two of its consequences. Firstly, when the bond is elas ‘
24 bave vibrational energy—i.e. the bond will stretch and compre3§ periodically with a certain
“tal frequency dependent upon the Taasses of the atoms and the elasticity (or force

ant) of the bond. If the motion is simple harmonic (which, we shgll see in Chapter 3, is
Y2 very good approximation to the truth) the force constant is given by:
(2.22)

W k = 4t cz,u.
ve their previous

b

iy 18 the vibration frequency (expressed in em~'), and ¢ and 4 ha

e oy Plainly the variation_of B with J is determined by the agt—the estes

Thed'\s:: more readily will it distort under centrifugal forces. ing a vibration.

When th nd Consequence of elasticity 1s that the quantities.” and B vary dunng:_l jbrations
ese Quantities are measured by microwave techniques many hundreds of vibra

A g T
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occur durin i
defiing Squation of g2 hence the measured value is an average. However,
8 tquation of B we have: ' Tom

OO N
" 8nlc  8micur
or | B 1/7 (2.23)

since all other quantities are independent of vibration. Now, although in simple harmgp:

motion a molecular bond is compressed and extended an equal amount on each side of Ec
equilibrium distance and the average value of the distance is therefore unchanged, the averag:
value of 1/r? is not equal to 1/72, where r, is the equilibrium distance. We can see this most easily
by an example. Consider a bond of equilibrium length 0.1 nm vibrating between the limits 0.09

and 0.11 nm. We have:

_0.09+0.11

(r)l\'. - 2 =01=r,

but

< ;12_ > _ (110.09)’;(1/0-11)’ IO

and therefore (r),, = /1/103.5 = 0.0985nm. The difference, though small, is not negligible
compared with the precision with which B can be measured spectroscopically. In fact the rea]
situation is rather worse. We shall see in Chapter 3 that real yvibrations are not simple harmonic,
since a real bond may be stretched more easily than it may be compressed, and this usually
results il r,y, being greater than req.

It is usual, then, to define three different sets of values for B and r. At the equilibrium
separation, r,, between the nuclei, the rotational constant is B,; in the vibrational ground state
the average internuclear separation is rp associated with a rotational constant By; while if the
molecule has excess vibrational energy the quantities are r, and B,, where v is the vibrational
quantum number. =

During the remainder of this chapter we shall ignore the small differences between Bo, B,
g‘i B,—the discrepancy is most important in the consideration of vibrational spectra in

pter 3.

We should note, in passing, that the rotational spectrum of hydrogen fluoride given in Table
2.1 extends from the microwave well into the infra-red region (cf. Fig. 1.4). This underlines the
comment made in Chapter 1 that there is no fundamental distinction between spectral regions,
only differences in technique. Since hydrogen fluoride, together with other diatomic hydrides,
:1 e da:;:!: moment of inertia and hence a large B value, the spacings between rotational energy
-y me large and fallinto the infra-red region after only a few transitions. Historically,
indeed, the moments qf inertia and bond lengths of these molecules were first determined from
spectral studies using infra-red techniques.

-

235 The Spectrum of a Non-rigid Rotator

The Schrodinger wave equat; .
energy levels are found : be:on may be set up for a non-rigid molecule, and the rotational

-

EJ=-_}'_2_J(_;+I | R
821 TV " gapa S+
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or V=
1= Eylhe = BJ(g 4 )= DA+ 1) !
(2.24)

where the rotational constant, B, js as def;

is given by: hed previ
D, is given by previously, and the centrifugal distortion constant
D= --—-.._.____hl . |
NP M (2.25)
which is a positive quantity. Equation (2,24 |
% field is anharmonic, the expression bl:g;t:s for a simple harmonic force field only; if the

= BJ -
er=BJJ+1) - DI + D'+ HPU+ 10 + KU+ 1) ... ™! (2.26)
where H, K, etc., are small constants dependent |
- , upon the geometry of the mol
powever, negligible compared with D and most modern spectroscopic data ar:-lc:rJ ?UIC- iy
by Ea. (2.24). | adequately fitted
From the defining equations of B and D it may be shown directly that:

_ 1687 48

? k @ (227)

where @ is the vibrational frequency of the bond and & has been expressed according to Eq
(2.22). We shall see 1n Chapter 3 that vibrational frequencies are usually of the order oi'
10°cm™!, while B we have found to be of the order of 10cm™". Thus we sec that D, being of
the order 10~3cm™", is very small compared with B. For small J, therefore, the correction term
DI(J+ _1)2 is almost negligible, while for J values of 10 or more it may become appreciable.

Figure 2.9 shows, much exaggerated, the lowering of rotational levels when passing from
the rigid to the non-rigid diatomic molecule. The spectra are also compared, the dashed lines
connecting corresponding energy levels and transitions of the rigid and the non-rigid molecules.
It should be noted that the selection rule for the latter is still AJ = =1,

We may easily write an analytical expression for the transitions:

€01 — €1 =¥y =B[(J+ 1) +2) ~J(J+1)]
_ D[+ 1)} +2) Ay
= 2B(J+1)—4D(J + 1) cm™

(2.28)

where 7, represents equally the upward transition from J to J + 1, or the dow:!ward from J+ 1
toJ. Thus we see analytically, and from Fig. 2.9, that the spectrum of the elastic rotor 1S s:mﬂt;r
0 that of the rigid molecule except that each line is displaced slightly to low frequency, the
lacement increasing with (J + 1)
A F“OWledge of D gives rise to two usc
mine the J value of lines in an observed spect
2 ]lltons it is not always easy to determine from wh o
D 0 them—provided three consecutive lines have been meas
*2vand J. The precision of such fitting is shown by Table 2.1 W
Uated from the equation:

Firstly, it allows us to
ecasured a few isolated
ich J value they arise; however, fitting Eq.

d—gives unique values for
here the wavenumbers are

ful items of information.
rum. If we have m

= 3 em™ (2.29)
5, =41.122(J+ 1) —8.52 % 10 3(J+1) cm
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J Rigid rotator Non-rigid rotator
10

8
\
7 ———
6 —_——
5
4
3
2
1
0=
0 28 48 68 8B 10B 12B 14B 16B 188 20B
Rigid
F) —
‘ [ e
Non-rigid

0 258 45 68 8B 108 125 4B 05

Figure 2.9 The change in rotational energy levels and spectrum when passing from a rigid to a non-rigid diatomic
molecule. Energy levels on the right are calculated using D = 10-?B.
e e ——

Secondly, 2 knowledge of D enables us to determine—although rather inaccurately—the

vibrational frequency of a diatomic molecule. From the above data fi ide and
Eq. (2.27) we have: ata for hydrogen fluoride a

. 4B
@ === 1633 x 10° (cm™')?

ie.
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The force constant follows directly:
k = 4r* ity = 960 Nm~"

which indicates, as expected, that H—F is a relatively strong bond.

2.4 POLYATOMIC MOLECULES
2.4.1 Linear Molecules

We consider first mgleculcs such as carbon oxysulphide E}CS or chloroacetylene HC=CClI,
where all the atoms lie on a straight line, since this type gives rise to particularly simple spectra

in the microwave rcgion. .Since Ig = Ic; Iy =0, as for diatomic molecules, the energy levels are
given by a formula identical with Eq. (2.26), i.e.

e, =BIJ+1)-DAJ+1)*+ .- cm™ (2.30)
and the spectrum will show the same 2B separation modified by the distortion constant. In fact,

the whole of the discussi diatomic molecules applies equally to all linear molecules; three
points, however, shm'ﬁ-ﬁzgrﬁncd: T o

1. Since the moment of inertia for the end-over-end rotation of a polyatomic linear molecule is
considerably greater than that of a diatomic molecule, the B value will be much smaller and
the spectral lines more closely spaced. Thus B values for diatomic molecules are about

10cm™~!, while for triatomic molecules they can be 1cm™' or less, and for larger molecules
smaller still. e ——

2. The molecule must, as usual, possess a dipole moment if it is to exhibit a rotational spectrum.’

Thus OCS will be microwave active, while OCO (more usually written CO;) will not. In
particular, it should be noted that isotopic substitution does not lead to a dipole moment
since the bond Tengthsand atomic charges are unaltered by the substitution. Thus '0C'"0 is
microwave inactive. o

3. A non-cyclic polyatomic molecule containing N atoms has altogether N — 1 individual bond
lengths to be determined. Thus in the triatomic molecule OCS there is the CO distance, rco,
and the CS distance, rcs. On the other hand, there is_ogly%m:%xf inertia for the end-
over-end rotation of OCS, and only this one value can be determined from the spectrum.
Tabl:;ﬁt;ws the data for this mé%iuﬁfm.m there is seen to be no

Table 2.2 Microwave spectrum of carbon oxysulphide

J=J41 Fote (cm™") AV B(em™)

0= l ' /
2 x 0.4055 0.2027 f ( /-

12 0.8109 - ‘
0.4054 0.2027

23 1.2163
0.4054 0.2027

J=4 1.6217

. 0.4054 0.2027

~5
23 oem

R/
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appreciable centrifugal distortion, and, taking the value of B as 0.2027cm™, we caleuy,

Iy= b _ 13795 x 10 kg m’

872 Bc
ible to deduce the two unknowns, reo ang,

From this one observation it is plainly.in_JF,_,J —— €0 and ro
ifficulty = study a molecule with different atomjc m,
The difficulty can be overcome, however, study a O ielo—since s Wil 1. 23

but the same bond lengths—i.e. an isotgpi@uxﬂbiﬁlﬁ
different moment of inertia.

Let us consider the rotation of OCS
ro, rc, and rs represent the distances of the atoms

moments gives:

in some detail. Figure 2.10 shows_ the molecule, Wher
from the centre of gravity. Consideratiop of

moro + Mmcrc = Ms’s (231
where m; is the mass of atom i. The moment of inertia is:
1= morh +mcr +msrs (2.32)
and we have the further equations:
| ﬁ ro=rco+rc T’s=Tcs—’c (2.33)

where rco and rcs are the bond lengths of the molecule. It is these we wish to determine,
Substituting (2.33) in (2.31) and collecting terms:

(mc + mg + mg)rc = msrcs — morco

or

Mrc = mgrcs — Morco (2.34)
where we write M for the total mass of the molecule. Substituting (2.33) in (2.32):
I'=mo(rco +rc)* + mert + ms(res - re)?
= Mrk + 2rc(morco — msrcs) + morgo + msres

and finally substituting for r¢ from Eq. (2.34):

= _ 2

¥ i mor%n + msr%s _ (morco M”’S'CS) (2.39)

mo” me =

O \_J
s C-

'% . L&--—*-— rs __..Ij

= 2

Figare 2.10 The molecule of carbon ; :
el Mmmm&mofuﬁtmfmmmmd
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Considering now the isotopic molecule
L]

18 i
(2.35): OCS, we may write m} for mg throughout Eq.

I' = myr (morco — msres)’
mO CO +- er:CS -_ MI‘ ) (2-36)

and we can now solve for rcp and r, i
. ! \d rcs, provided we have extracted a value '
microwave spectrum of the isotopic molecule. Note that we do el i e

O e that the bond length is wnalic _ ' ot need to write riqg, since we
2 red by isotopic substitution. This assumption m

chockc:tsbzrsit:xns _g:e molecules '“OC™S and BOC™s, since we woi’ié"i?,‘ili“’ﬁa;"f*@ﬂ?

mome { 1nertia. ¢ bond distances Tound are quite consistent, and hence justif?

assumption. y the

.
. . . T
The extension of the above discussion to molecules with more thﬁ’,thm‘. atoms, istraight-

forward; it suffices to say here that microwave studi b Rt gy
many bond lengths in such molecules, e e fod ‘?’FU Toeise deferminatiéns of
e 4

:k 1 14

(ETATCTVAN
{ a7 § L =t 11
!.i E‘;!: I'i vt 111‘92?.?-0-}? :
. III’| ‘:"'.I . J :'- !
2.4.2 Symmetric Top Molecule ‘k“‘-\ A N T IR
'5"-'3-, " r g

Allf_wush the rotational energy levels of this type of molecule are n%;?wmﬁhcated 1han"ijaosc
of linear molecules, we shall see that, because of their symmetry, their pure rotational spectra

are still relatively simple. Choosing methyl fluoride again as our example we refmember that
Ig=Ic#14 I,#0 C%F

There are now tw? directions of rotation in which the molecule might absorb or emit energy—
that about the main symmetry axis (the C—F bond in this case) and that perpendicular to this
axis

We thus need two quantum numbers to describe the degree of rotation, one for I, and one
for Ip or Ic. ﬁowcver, Tt turns out to be very convenient mathematically to have a quantum
number to represent the total angular momentum of the molecule, which is the sum of the
separate angular momenta about the two different axes. Lhis is usually chosen to be the
quantum number 7 Reverting for a moment to linear molecules, remember that we there
used _LLQM-MM of a molecule; however, this was the only sort
of rotation allowed, so it is quite consistent to use J, in general, to represent the total angular
momentum. It is then convenﬁonwwmm about the top

axis—i.e. about the C—F bond in this case. -
Let us briefly consider what__,Wd J. Both must, by the conditions of

QMM%WO. The total angular momentum can be as large as we like,
that i$ J can be 0, I, 2, . . ., 0o (EXcept, of course, for the theoretical possibility that a real
molecule will be disrupted at very high rotational speeds). Once we have chosen J, however, K is

rather more limited. Let us consider the case when J = 3. Plainly the rotational energy can be

divided in several ways between motion about the main symmetry axis and motion perpendic-
— 3; but note that . K cannot be greater than J

U to this. If il the rotation is about the axis, K= 2P be grea

since J is the fo7al angular momentum. Equally we could have K =2, 1, 0r 0, in which case the
Motion perpendicular to the axis increases accordingly- Additionally, howcv?r, K can bc nega-
ive—we can imagine positive and negative values of K to correspond with_clockwise and

Wticlockwise Totatiom about the symmetry axis—and so can have values =1, =2, or —3.
In gefieral, then, for a total EW—' J. we sce that K can take values:

K=/, J"'lsj_zf---tov”'"-(‘!'-l)l-‘! (2.31)
is figure of 2J + 1 is important and will recur.

Scanned with CamScanner



If we take fi
irst th i :
€ case of a rigig ) op—i.e. one in which the bonds are S“PPO&Q

al fo 5di i ;
allowed energy levels for rotagti . al::}es-—-thc Schrodilgfr equation may be solved to giy, the
"‘-.._...-—-....________,.-.
€1k =E;xlhc=BI(J+1)+ (4 - B)K* cm™ (2.3)

whml as bﬁrﬁm.

h _h
B:m and A_Brrlfdc

Note mﬂr’cwsmd_s s on K2, so that it s immaterial whether the top spins clockwise g

nticlockwise: the energy is the same for a given angular momentum. For all X > 0, therefore,

the rotational en levels are doubly degenerate. >
The selection rules for this molecule may be shown to be:

AJ = +] (as before) and AK=0 (2.39)
'_hh—*—\“_—__——_\—_—_

and, when these are applied to Eq. (2.38), the spectrum is given by:
Ers1k—Esx =Ty =B(J+1)(J+2)+ (4 - B)K?
— [BJ(J +1) + (4 - B)K] (2.40)
=2B(/+1) cm™

Thus m_ﬁgbc_trm_ti_cncndeut of X, and hence rotational changes about the symmetry axis

0 not give rise to a rotational spectrum. The reason for this is quite evident—rotation about ‘@

the symmetry axis dos ot change the dipole moment perpendicular to the axis (which always
remains zero), and hence the rotation cannot interact with radiation. Equation (2.40) shows that
the spectrum is just the same as for a linear molecule and that only one moment of inertia—that
for, end-over-end rotation—can be measured. R T

ﬁ&ifﬁﬁns (2.38) and (2.40) both apply to a rigid molecule. A real molecule, as we have seén,
has elastic bonds and the picture inevitably becomes more complicated when the possible
distortions of cach individual bond in the symmetric top are allowed for. The details need
not concern us here, but the microwave spectra of such molecules have, in the past, given
very precise estimates of their bond lengths and angles. Table 2.3 collects some representative
data for these, and for some linear and asymmetric top molecules (see the next section); this
table illustrates the great precision which has been achieved.

S » .

Table 2.3 Some molecular data determined by microwave spectroscopy
Molecule Type Bond length (nm) Bond angle (deg)
NaCl Diatomic 0.236 06 + 0.000 01 —_—
- Li 0.116 4 £ 0.000 1 (CO) -
0.155 9 0,000 1 (CS) -
HCN . 0.106 317 £ 0.000 005 (CH)
Linear 0.115 535 + 0.000 004 (CN) —
NH, Sym. top 0.100 8 + 0.000 4 1073 £ 02
0.178 12  0.000 05 (Cqy) (HCH)
H.0 Asym. 10p 0.095 84 + 0.000 05 104.5 £ 0.3
0, Asym. top 0.127 8 = 0.000 2 116.8 : 0.5
— Scanned with CamScanner
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2.4.3 Asymmetric Top Molecules

Since sphcnc?.! tops show no microwave spectrum (cf. Sec. 2.1(3)), the only other cl f
molecule of 'mlcr_est here is the asymmetric top. These molcculc; havin 1"thn-:crc;:' f:;ss ;

mom_cnts of inertia, also l}avc much more complicated rotational cr‘lcrg}r lcﬁcls and ; '-'-l'tﬂnt
No simple general expression corresponding to Eqs (2.24) or (2.28) can be derived forp:l: 5,
and they are usually treated by approximative methods, much computation being r uim:ti
pefore agreement between observed and calculated spectra is achieved. However suclg'a mcl{:lth;d

pave been very suc?cssful for small molecules and much accurate bonld length s;nd bond angls
data have been derived. Some examples are included in Table 2.3 above. y

,5 TECHNIQUES AND INSTRUMENTATION

o give more than a brief outline here of the techniques of microwave
tailed accounts are available elsewhere, and the technique is rarely used
| now as it has been largely superseded by other methods. Figure 2.11
how the various components discussed below are linked together.

It is not proposed t
spectroscopy since de
as a routine analysis too
shows, very diagrammalically,

|. The source and monochromator. The usual source in this region is the klystron valve which,

t emits radiation over only a very narrow frequency range, is called ‘monochromatic’
monochromator. The actual emission frequency is variable electronically,
s using a single klystron.

be scanned over a limited range of frequencie
urce is that the total energy radiated is very small—of
the order of milliwatts only. However, since this is all concentrated into a very narrow range
of frequencies, the electric field generated at these frequencies is more intense than might be
expected from the radiative power. This means that a sharply tuned detector can be suffi-

ciently sensitive to detect the signal. _
2. Beam direction. This is achieved by the use of ‘wavcguides'—-hollow tubes of copper or silver,
often of rectangular cross-section—inside which the radiation is confined. The tubing may be

gently tapered or bent to focus or direct the radiation. Atmospheric absorption is consider-

able, so the whole system must be efficiently evacuated.

3. Sample and sample space. Normally the sample is gaseous i
evacuated waveguide by very thin mica windows. Very small pressures aré sufficient to

obtain a spectrum, and many substances which are normally thought of as liquid or solid
have sufficient vapour pressure to allow them to be studied by the technique.
4, Detector. It is possible to use a radio receiver as detector, provided it can be tuned to the

appropriate high frequency; however, a simple crystal detector is found to be more sensitive

since 1
and acts as its own

and so a spectrum may
One slight disadvantage of this so

and is retained in a piece of

To vacuum pump

e
E: Sample .
I_._——-—-"'

Kl -
= M? + Detector
window Brcon

Figure 211 .
Schematic diagram of a microwave spectrometer.
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and easier to use. This detects the radiation focused on it by the waveguide, and the Signy
gives is amplified for display on an oscilloscope or for permanent record on paper, ~ I
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2.6 CHEMICAL ANALYSIS BY MICROWAVE SPECTROSCOPY

Improvements and simplifications in the lcclquufs of nﬁcrowfl‘-’c spectr :JF;CDPY :;C OW allg,,,
ing it to move away from being purely a specialist rescarch instrument towards becom;,

. g . Ba
technique for routine analysis. Even though effectively limited to gasco_us;;';implcs, 1t has myy
to offer in this respect, since it is a highly sensitive (0.01 mmHg pressure 1s quate) and Specifi,

analytical tool. e : .
The microwave spectrum of a substance is very rich in lines since many r.otat:op?l levels q,
populated at room temperatures, but since the lines are very Shﬂ-l'P and _thf-lr positions cap y,
w of them is sufficient, after COmparisgy

measured with t accuracy, observation of just a few ; |
with tabulated g::, to establish the presence of a previously examined substance in a sample.

The technique is also quantitative, since the intensity of a spectrum observed under giye,
conditions is directly dependent on the amount of substance present. Thus mixtures cap be

readily analysed. ) . . )
It is the whole molecule, by virtue of its moment(s) of inertia, which is examined by
microwave spectroscopy. This means that the technique cannot detect the presence of particy.

lar molecular groupings in a sample, like —OH or —CHj (cf. _\‘.hc f:hf;tptel.rs on infra-red,
Raman, and magnetic resonance spectroscopy later), but it can readily d_lsl.mgmsh the presence
of isotopes in a sample, and it can even detect different conformational isomers, provided they

have different moments of inertia.

One fascinating area where microwave analysis is being used is in the chemical examination
of interstellar space. Electronic spectroscopy has long been able to detect the presence of various
atoms, ions, and a few radicals (for example —OH) in the light of stars but recently use of
microwaves has extended the analysis to the detection of simple stable molecules in space. Some
80 or so molecules have already been characterized in this way, the earliest among them (water,
ammonia, and formaldehyde) giving new impetus to speculations regarding/the origins of
biological molecules and of life itself. Such observations concern the emission of microwaves
by these molecules and, by comparing the relative intensities of various rotational transitions,
particularly in the spectrum of ammonia, accurate estimates can be made of the temperature of

interstellar material,

2.7 THE MICROWAVE OVEN

One area where microwave radiation has become very familiar in recent years is the kitchen, in
the shape of the microwave oven. While obviously not nearly as sophisticated as a spectrometer,
its mode of opcraj_ip_n depends entirely upon the absorption by the food of the microwave
radiation in which 1t js bathed. In fact, it is the warer mo eculeson ch absorb the radiation
and go become raised into high rotational states—the 10logical molecules in food are far to0
large to-be able 10 rotate. As with many other excited states The excess rotational energy of the
water molecules is re-emitted as heat and the food becomes cooked.

The _cfﬁmcncy of the oven lies in the fact that this heating is internal. In a conventional hot
oven a piece of meat or a cake is heated from the outside, and it must be left to cook until its
centre has been raised to a sufficiently high temperature. In microwave heating, however, watéf
molecules throughout the whole bulk of the food are simultaneously excited and ‘heated’, 5°

sooking times are drastically reduced.
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The effect of such concentrated microwa iati bod

. ve radiation on the human i
. — . . . . . unr

ﬂmﬂaFal -.:;l:mtevcr is exposed to the radiation is rapidly heated and cooked fgom ll?ertizlslifitﬁl}lr; it
essential, t erefore, to ensure that the door seal on a microwave is in good conditio %0
radiation is allowed to leak out: - oo concition, so Bt no
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PROBLEMS

(Useful constants; h=6:626 x 10°4Js; k = 138l x 0B IR = 2998 x 108ms~l; 87 X 78956
atomic masses (in . 1 =1.673x10"7,2D =3344x 10-7, YF=3155x 10-7, ¥Cl =
58.06 x 10-77,3C1 = 61.38 X 10-27, ®Br = 131.03 x 1077, 127] = 210.7 x 1077".)

2.1 Which of the following molecules will show a microwave rotational spectrum:
H,, HC], CH,, CH3Cl, CH,Cl;, H,0, SF¢?

22 The rotational spectrum of ®Br'’F shows a series of equidistant lines 0.71433 cm~! apart. Calculate

the rotational constant, B, and hence the moment of inertia and bond length of the molecule. Determine

the wavenumber of the J = 9 — J = 10 transition, and find which transition gives rise to the most intense
line at room temperature (say 300K). Clculate the number of revolutions per second which the

BrF molecule undergoes when in (a) the J = 0 state, (b) the J =1 state, and (c) the J = 10 state.

Hinr: Use E =417 in conjunction with Eqs (2.10) and (2.13), but rerember that here w is in radians pet

second.

23 The rotational constant for H’Clis observed to be 10.5909 cm™!. What are the values of B for H'Cl

and for 2D**CI?

24 A microwave spectrometer capable of operating only between 60 and 90 cm™! was used to observe the
rotational spectra of HI and DI. Absorptions were measured as follows:

HI (cm™") DI(cm™)
64.275 65.070
77.130 71.577
89.985 78.094
84.591

Find B, I and r for each molecule, and determine the J values between which transitions occur for the first
line listed above for each. Do your results support 1he usual assumption that bond length is unchanged by
isotopic substitution?

?[_:.Smd Sketch a diagram similar to that of Fig. 2.7, using 8= 5cm-! and a temperature of 1600 K. (Nore:
the maximum and calculate two or three points on either side only—do not attempt to carry out the
calculation for every value of J.)

26 A space probe was designed to seek CO in the atmosphere of Saturn by looking for lines in its
rotational spectrum. If the bond length of CO is 112.8pm, at what wavenumbers do the first three
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