Gram-Schmidt Thorem: Let W be a non-null subspace of a finite dimensional
Euclidean space V. Then it possesses an orthonormal basis.

Proof: Let {0, o, ......, 0, }be a basis of W where o, # 0 for all i of the new
basis where B, = 0.;. -
Let B, = o, — ¢, B, where ¢,B, is the prqech.gn of o, upon B..
(‘12, Bl)

Then (o, - ¢,B,, B,) =0 or (B,, B;)=0and ¢; = BB}

B, is orthogonal to B, and L{B,, B,} = L{B,, o,,} = L{cv, 00, }

and 0, € L{B;> By}

Let B, = o, — B, — r,B, where r,B,, r,B, are the projections of a; upon

(03,B1) r=(a3’B2)
(Bi.B2)" " (B2.B2)

Then B, is also orthogonal to B,, B, and L{B,, B,, B5} = L{B;, By, 0} =
Lia,, o,, 0;}.

_B] ’ Bz I'ESpectively and n=

2 <&3=ﬁ1> (03,B2)
& (B1,B)) (B1.B,)

Since V is a finite dimensional Euclidean space, this process stops after
finite number of steps and we get after th step,

P =gy ety ot fly
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po, - 0bily (Ba)y  (oBr) o
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and {B,, B, B,} is an orthogonal basis of # and the corresponding orthonormal
basis of W'is

B I 1B I (1B 11”7 1B, I

Example: Apply Gram-Schmidt process to obtain an orthonormal basis of the
subspace of the Euclidean space R* with standard inner product spanned by
the vectors (1, 1,0, 1), (1,-2, 0,0), (1,0, - 1, 2)

Solution: Let o, = (1, 1,0, 1), o, =(1,-2,0,0)and 0;=(1,0,-1,2) then the
vectors {0, 0, 0,3} is linearly independent and the basis of R*.

Let B, =, and B, = o, — ¢, B, where c\B, is the projection o, upon B,.
Then B, is orthogonal to B, and L{B,, B,} =L{B;, 0} = L{a;, o}

{0, B,) -1

CI= —

(Bubi)y " T

1 1 1

1
- (4,-5,0,1
3 ( )

Let B; = o — 7, B, — r,B, where r,B,, r,B3, are the projections of 0Ly upon
B, and B, respectively. Then B, is orthogonal to By> B, and L{B,, B,, By} =

L{a,, o, 0}

and n =

-3 1
B3=a3_Bl'_ ';-Bzz(ly 0,“1,2)—(1, 1903 l) _7"'":-;" (4,"‘5,0, ])
1
=(0’— ly“ls l) _7 (4! _5? 0’ l)

!
= (-4,-2,-7,6)
T
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The orthogonal basis of the subspace is
1 1
g = sl = —4!__25_756)}
{(1,1,0,1), 3 (4,-5,0,1) 7 (

and the corresponding orthonormal basis is

1101 4 ~5,0,1),—— (4 " 5 76)}

Example: Use Gram-Schmldt process to obtain an orthogonal basis from the j
basis set {(1, 1, 0), (0, 1, 1), (1,0, 1)} of the Euclidean space R? with standard

inner product.
Solution: Let o, = (1 1,0),0,=(0,1, )and a; = (1,0, 1)
Let B, =, and B, = o, — ¢, B, where ¢;B, is the projection of &, upon

B.. _
Then P, is orthogonal to 5, and L{B,, B,} = L{o, oy}
Lo (a‘Z’B]) A l
W {BysBy) -2

1 1 1
BZ =a, _EBl =(07 13 1)_5(1’15 0)=E(_1’152)

Let B; = oy — B, — r,B, where r, B, and r,B, are the projections of o, &
upon [, B, respectively. :

Then B, is orthogonal to B, B, and L{B, B,, By} = L{o, 0y, 013}

(ag,m 1
(BB 2
=<a3,ﬁ2) /2 1
and 2 <B2’B2> 3/2 3
B,=a ELY L 0 1)—-(1 {0 1,1, 2)
g Frhg 2 1 3 2 3 2

1 1 1 1
_—"_1,""‘1!2 g —'171’2 O 4')—4:!3 T 2’_2’2
S0 LD LLD=2(4-43)=2(2-2,2)

1 |
Hence, the orthogonal basis is {(1, 1,0), E(—L 12), 3 (2,-2, 2)} .



