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11.8 INNER PRODUCT SPACE

Definition: Let V' be a real vector space. A real inner product on ¥ is a mapping
S VX V3R that assigns to each ordered pair of vectors (a, B) of V a real
number f(a, B), denoted by (c, B), satisfying the following properties:

(1) (o, B) = (B, o) for all . B e V(symmerry).
(i1) (o, B+7y) = (o, B) + (o0, Y) forall o, B, Y € V (linearity).

(i) (aa, B = a(a, B) = (a. aB) for all a, Be Vandallae R
(homogeneity).

(v) (o, )>0ifo 0 (positivity) where 0 is the null vector.
If o = 8, then (a, o) = 0.

Definition: A real vector space V endowed with a real inner product defined
on it is said to be an Euclidean space.

Complex Inner Product: Let V' be a complex vector space. A complex inner
product is a mapping /- ¥ x V' — ( that assigns to each ordered pair of vectors

(o, B) of "a complex number (o, B), denoted by {ct, B), satisfying the following
properties:
@) (. B)= (E?E) where ([ﬁ) is the conjugate of the complex number
B, o).
(i) {co+dB, ¥) = (o, ¥) + B, V)
(1)) (o, )>0ifoe#6and (6, 0)=0
From (i) it follows that {0, o) = (a,_(i) showing that (o, o) is a real number
and (iii) says that the complex inner product satisfies the positivity conditi on as
in the case of a real inner product.
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Definition: A complex vector space V together with a complex inner produyct
defined on it is said to be a Unitary space.

Example 1: In the real vector space R”, let .= (a;, ay, -, a,), B = (b,, b,.
... b ) be the two vectors and we define
(o, B) =a, by + ay by +.... ta,b,
The (o, B) satisfies all the conditions for a real inner product. This inner
product is called the standard inner product and is often called the dot product

of o, B and is denoted by o - B. The vector space R" with this inner product
becomes a Euclidean space.

Example 2: In R? the standard inner product is defined by (o, B) =a, b, +
a, b, where o = (a;, a,) € R? and B = (by, by) € R2.

We define (o, B) = 2a, b, + a, b, +a, b, + a, b,. Then {, B) satisfies the
conditions (i), (if), (iii) of real inner product space.

Now (o, o) = Zai‘LHZa‘1 a, + a22= al2 + (a; + a2)2 >0 fora,a,#0
(o, o) > 0 for o0 # 0.
Hence, the positivity condition is also satisfied by (o, ).

Therefore, the vector space R? becomes a Euclidean space under this inner
product. |

This example shows that a real vector space can be made a Euclidean
space in many ways.




