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10.14 EIGEN VALUES AND EIGEN VECTORS

Let us considera 2 x 2 matrix

(x2+x+l 3x3+2x}

3 4 b 4x% +3

A=

whose elements are real polynomials in x. 4 can be expressed as the polynomials

in x.
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whose coefficients are real matrices of order 2 x 2.

Such a polynomial whose coefficients are matrices of the same order is
called a matric polynomial. The degree of the matric polynomial is the degree
of the constituent polynomial of highest degree appearing in the matrix A.

In general, if 4 be an » x n matrix whose elements are real (complex)
polynomials in x, then A can be expressed as a matric polynomial whose
coefficients are » x n real (complex) matrices.

Definition: Let 4 be an n x n matrix. Then det (4 — x/)) is called the
characteristic polynomial of A and is denoted by y ,(x). The equation y ,(x)
=0 is called the characteristic equation of A.
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Then Y, (x) = det (4 - xI) = .a21 ?22 i .az"
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The degree of the characteristic equation is same as the order of the
matrix A.

We now state without proof a very useful theorem:

Definition: A root of the characteristic equation of a square matrix 4 is said
to be a characteristic root or latent root or an eigen value of A.

Note 1: 0 is an eigen value of a singular matrix.
Note 2: The eigen values of a diagonal matrix are its diagonal elements.

Note 3: IfA be an eigen value of a non-singular matrix 4, then Al is an eigen
value of 47 '

Proof: Since 4 is non-singular, A # 0.
- AL exists then 47! also exists.
Let the order of 4 be n.

1 ¢ :
Now det (47 -211)= o det(\ A1)

1
A" det 4

det [(A A7 -1 )4]

o det [M, — 4]
A" det 4
=0, since det (4 -A1)=0

This proves that A™' is an eigen value of 47,

Example 1: Find the eigen values of the following matrices:

£ 3 (1 -1 0
(1)A=(4 SJ (iA=11 2 -1
3 2 -2

Solution: (i) The characteristic equation of 4 is given by

det(A—lIz)=’1;l 531}20
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or. (1~8)C=A)-12=0.or 524 s34+ 42 1920
i A -6L-7=0 or -7 +A-7=9
or MA=-T+1A-7)=0 or A-TY)A+1)=0 or A=7, I
The eigen values of 4 are -1, 7.
(ii) The characteristic equation of 4 is given by

1-3 -1 0

det(A-AL)=0 or | 1 2-% -1 |=0

3 > WAL, T
Or(1_1)[42—1)(z+1)+2]+1[—(2+x)+3]+0[2—3(2—k)]=0
or 1-N)A*-4+2]+1-2)=0
or I-MA*-2+11=0 or (1-2) A2=1)=0

A=1,1,-1

. The eigen vélues ofdare1,1,-1

Definition: Let 4 be n x n matrix over R. A non-null vector X belonging to
7, (R) is said to be an eigen vector or a characteristic vector of 4 if there
exists a A € (R) such that

AX = \X holds, where A is an eigen value of 4.

Let 4 be an n x n matrix over R and A be an eigen value belonging to R.
A result of importance is that to each R such eigen value of 4 there corresponds
at least one eigen vector.

1
Example 2: Find the eigen vectors of the matrix 4 = (4 ;J

Solution: The eigen value of 4 are -1, 7.

Let X= ( & J be the eigen vector corresponding to —1, then
X2 S
AX =-X gives iy
1.3 X " "‘(xlj
4 5 X )
or J.¢l+3xz=—xl or 2x; +3x, =0

and dxy + 53, = %y (or 4 + 6y =0
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, 3
The equivalent system 18 x; + —2—x2 =0

3
Let x, =k, then x, = - -2-k.

; 3k : ,
. The solution of the system 1s (*—5—, k) where k is an arbitrary reg)

number.

_ -3/2 3 .
. The eigen vectors are k 1 orel_, where ¢ is a non-zero-rea|

number.
Xy g J
Let k= be an eigen vector corresponding to 7, then
X2
AX=T7X
1 3 |
or g T A
4 5 .xz ) X2
or x t 3x,=T7x, or —6x, + 3x, = 0
and 4x, + 5x,=Tx, or 4x, — 2x,=0

: ; g
The system is equivalent to x; — 3 % =0,
Let x, = c, then x, = 2c where c is an arbitrary real number.

. 1 .
. The eigen vectors are C(Z where ¢ is a non-zero real number.

Example 3: Find the eigen values and corresponding eigen vectors of the

matrnx
2.1 1
A={1 2 1
0 01
Solution: The characteristic equation of 4 is given by det (4 —~ Aly) =0
2-A 1 |
or 1 ad=k 1 < »D
0 0 1-A

g
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or @M=\ -N-01~ 1 [(1-2)-0p+1[0-0]=0
o C-AU-N-(1-N=0 = 1-A)4-40+A2=1)=0

or -V -A+3)=0 = (1) A2-3A-1+3)=0
or (1-MAA-N-1A-3)}=0 = q-HA-1)(A-3)=0
: A=1,1,3

-, The eigen values are |, 1, 3.
|

Let X=| X, | be the eigen vector corresponding to the eigen value 3, then

X3
g AXYEIX or| 1 201 |lx =3 X,
& 0 X3 X3
or 2x) +x, + xy=3x,
x3 = 3x,
or Ty ikt Xy S
Xy Xy +)c3 =
_2x3_‘0 =
which gives x; =0,

Let x, = ¢ be any arbitrary real number, then - e

, c ]
. Theeigen vectors are | ¢ | = c| 1 | where c is an arbitrary real number.
0 0

\ 'x]

LetX= | *2 | be the eigen vector corresponding to the eigen value 1, then

) g,
AL X X)
AX=X or I 22 1 | xai=n] %
g4 - ] X3 X3



. or le+x2+x3=xl
X3=x3

Fgimiis
kA x, =—x; + x3) .
Let x; = c and x, = k be the arbitrary real numbers, then
x==—(k+c)
—(k+c) -1 ~1
. The eigen vectors are k = k| 1{+c| 0| where k and .
c 0 1

are arbitrary real numbers.

Example 4: Find the eigen values and the corresponding eigen vectors of the
matrix

1t =1 2
A=12 =2 4/|.
3. =30

Solution: The characteristic equation of 4 is given by det (4 - AL;) =0

or 2 iy 5 4 | =0
-3 6-A

ma-mp@+mmvn+nh1pm—m—uhap&%@+m=0
or(1-A) (12420 -6A+A%+12) + 12 - 24— 12+ 2 [-6 + 6 + 3A]=0
or (1-A)A2-40)-20+6L=0

or MI-2)(A-4)+4]1=0 or MA—4—22+4L+4]=0
or M-A*+5A]=0 or A2(-A+5)=0
A=0,0,5

. The eigen values are 0,0,5.
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X

Let.X=| Xz | be the eigen vector corresponding to the eigen value 0, then

.'l'3
1 -1 2 % 0
AX‘= OX = 2 —2 4 x2 o 0
3 -3 6 X3 0
or Xp =X+ 2x3=0

3x; = 3x, + 6x;=0
which gives
X, =X, +2x;=0
X) =Xy + 2x; =0
Let x; = ¢ and x, = d be the arbitrary real numbers, then
n=%-2x;=d-2c

d-2c 1 )
- The eigen vectors are d =d|1|+c| 0 | where ¢ and d are
C 0 1

arbitrary real numbers, i.e., d(1, 1, 0) and ¢(-2, 0, 1)’
X

Let X=| x, | be the eigen vector corresponding to the eigen value 5, then

X3
L=l 2 DY
Now AX=5Xgives | 2 -2 4 |=35| x,
3053, 6 X3
or Xy 2,15 5%

2x, — 2x, + 4x; = 5x,
3x, — 3x, + 6x5 = 5x;

or ~4x) —x, + 2%, =0 (1)
bl ey =0 e
3%, = 3x, + X3 = 0 wi(3)
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Now eliminating x, from these equations, we get
(Nx2-(2) = -10x, +5x, =0 = x, =2,
(D-2x@3) = -10x;+5x,=0 = x,=12x,

Let x, = c be any arbitrary real number, then x, = 2¢
and x4 ==3%; + 3x, =3¢ + 6¢ = 3¢
() (1)
. The eigen vectors are | 2c¢ | = c| 2 | where c is an arbitrary real numbe §
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