11.6 RANK AND NULLITY

If ¢ : ¥ — Wis a linear mapping from a vector space V to the vector space W,
then there are two important concepts associated with ¢. These are rank and

nullity defined as follows.

Definition: The rank of a linear mapping ¢ : ¥ — W is defined to be the
dimension of Im(¢) and the nullity of ¢ is defined to be the demension ot ker ¢.
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Note these are defined as Im(¢) and ker ¢ are vector spaces.

If ¢ : R* — R be defined by ¢(x, »,2) = (2x +y =2, x + y + 2) then
evidently rank (¢) = 2, nullity (¢)=1.

A result of prime importance is the following:

Theorem: If ¢ : ¥ — W be a linear mapping from a finite dimensional space
V to another space W, then
dim (V) = rank (¢) + nullity (9)

The proof 6f this theorem is outside the scope of this book. The reader is
- advised to verifiy the theorem for all the linear mappings of the above example.

Example 1: A mapping ¢ : R? — R? is defined by ¢(x,, x,, X3) = (x; + X, + x;,
2, + 3, + 23, Xy + 25, H 1), (X}, Xy X3) € R’. Shov&t thatq? is a linear mapping.
Find ker ¢ and the dimenision of ker ¢, Im(¢) and dimension of Im(¢).

Solution: Let o = (x;, X,, x3), B =01 ¥ y3) € R3, then
Do) = (xy +xy + x5, 20 + x5 F 2x4, x, +.2x, + x3) '
o(B) = 0ttty 2)’1 ty,t 2ys, yfl + 2}’2 +J’3)}
Lo+ B0ty Xty Xt ys)
s Mo+ P)= ((xl +,V1)+ (xz +}’2) + (x3 +y3), 2(x1 +J’1) G (xg +y2) +2(x, +33)
G +y) + 206+ y) + (551 )3)
= (6, + X, T x3) + (1 Hy + 93, (26, + 2, + 2x5) + (29 Yy T 203),
G + 2,1 x3) + () + 20, 1)
= 0+ Xy 5, 20 F 2+ 205, x 204 %) (0 F Yy H Y D H 0 T D
yt,t ¥y

(1)

=T(e) + T(B) by (1)
Let ¢ € R, then co = (cx,, CX,, CX3)
&(c o) = (cx; + ex, + X3, 20x) + cx, + 2cxy, cx) t+ 2cx, t cx3)
= ol xp + x3, 20 + 2y + 205, xp + 20, + X3)
= cd(a) (by (1))
O(o + B) = o) + ¢(B) for all o, f & R,

and o(car) = ¢ ¢(e) forallxe Rand o e R,
Hence, ¢ is a linear mapping,

Now,  ker ¢ = {(x,. x 3
1 2.x3)e]}2;¢(x,x“ =(0.0.0
Let (x;, x,, x3) € ker ¢, then- 1% ol (00,0

() + x5 + x, 2xl+x2+2x3,xl+2x2+x3)-_-(0 0, 0)
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This gives X +x+x,=0
2 +x,+ 2x;=0
Xyt 2, +x,=0
From the first two equations, we get
xl i ):2 X XJ . xl_x?__x3_
2-1 252 qip A g oy S ki)
x; =k, x, =0, x; =~ k and the last equation is satisfied.

" (xl,xpx_‘;):k(]a Osh])ske R .
Let o= (1, 0, 1), then ker ¢ = L{0} and dim ker ¢ = 1

Let & be an arbitrary vector in Im(¢) .
Then §=(x1+x2+x3,2x]+x2+2x3,x1+2x2+x3)
=% (L2, D+x,(1,1,2) +x, (1,2, 1)
Thus, § is a linear combination of the vectors (1, 2, 1) (1.01,2):
Hence, Im(¢) =L{(1,2,1),(1,1,2)}
Then we shall prove that the vectors (1,2, 1), (1, 1,2) are linearly independent.
Let us consider the relation ¢, (1, 2, D+¢,(1,1,2)=(0,0,0), where cpc€R
= (¢ tcy, 2 o, ¢; t2¢,)=(0,0,0)
= ¢ +¢=0,2¢, +¢,=0, ¢, +2¢c,=0. This gives y =m0,
Hence, the set {(1,2, 1),(1, 1,2)} is linearly independent and the dimension
of Im(¢) is 2.
Example 2: A linear mapping ¢ : R} — R* is defined by
Bx), Xy, X3) = (x, + X35 X3 T X, X+ Xo, X+ Xy 23), (X, Xy, X3) € R3,

Find ker ¢ and verify that {¢(e 1), 0(€,), &(€ ;)} is linearly independent set
in R* wheree | =(1,0,0),€,=(0, 1,0),e,=(0, 0, 1) and also find Im(¢) and

the dimension of Im(¢).

Solution: Now ker ¢ = {(x,, x,, x;) € R : 0(x}, x,, x;) = (0, 0, 0, 0)}
Let (x|, X5, X3) € ker ¢, then (x|, x,, x;) = (0, 0, 0, 0)
o (X + Xy, Xy +xp, X+ X0, %+ x,+23) = (0,0, 0, 0)

This gives x, + x; = 0,13+, =0, %, + X, = 0, X + x, + X3 =0

The solution is R e 0

ker ¢ = {6}
Now 0(e ) =¢(1,0,00=(0+0,0+1,1+0,1+0+0)=(0, I, 1, 1) \
0(e,) =0(0,1,00=(1+0,0+0,0+1,0+1+0)=(1,0,1,1) !
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¢(63)=¢(0909 l)=(0+1,1+0,0+0,0+0+1):(1,]’0‘])

Let us consider the relation ¢; ¢(€ ;) + ¢ O(€5) + ¢35 0(€3) =0 where .
¢ C3 € R 4

or ¢ (0. 1.1,)+c (1,0, 1, D* c;(1,1,0,1)=(0,0,0,0)

or (cy+¢56 1630 +cyc oyt ¢;) = (0,0, 0, 0)

This gives ¢, + ¢;=0,¢; +e, =0, cz=0andc;+c,+e,=0

The solution is ¢; =€, = €3~ 0.

This proves that {0(g,); d(e,), {d(e4)} is linearly independent set. Im(¢) is
a linear span of the vectors o€y, 0(g,), 0(e,) where {0, o, 0,3} is the basis
of R?.

Since {€,, €, €3} is @ basis of R°.

Im(¢) = L{d(g,), 0(g,), 0(&;);
=L {(0,1,1,1),(1,0,1,1),(1, 1,0, 1)
Since the set {0(€,), §(&,), §(€,) is linearly independent set.
The dimension of Im¢ is 3. '

Example 3: Prove that the linear mapping ¢ : R? — R? defined by
o(x,y,2) = (x +y,y +2z,z +x) € R’ is one-to-one and onto.
Solution: Now, ker 0 = {(x, »,2) € R*: ¢ (x, »,2) = (0, 0, 0)}
Let (x,y,z)e ker ¢, then ¢ (x, y,2) = (0,0, 0)
or (x+y,y+z,z+x)=(0,0,0)
This givesx +y=0,y+z=0,z+x=0
The solutionisx=y=2z=0,
ker ¢ = {0} and hence ¢ is one-to-one.
The standard basis of R? is {(1, 0, 0), (0, 1, 0), (0, 0, 1)}
Now, (1,0,0) =(1+0,0+0,0+1)=(1,0,1)
®0,1,0) =(0+1,1+0,0+0)=(1,1,0)
$0,0,1) =(0+0,0+1,1+0)=(0, 1, 1)
Im(6)is the linear span of the vectors (1, 0, 0), #(0, 1, 0), ¢(0, 0, 1)
Im(¢) =L{(1,0,1),(1,1,0), (0,1, 1)}

Then, we shall prove that the se . linear!
independent. at the set {(1, 0, 1), (1, 1, 0), (0, 1, D} is I

Let us consider the relation ¢

- (0.0,0
wherecl,cz,cgleR 1(1,0,l)+cz(l,1,0)+c3(0,|,l) (0,

(C] - C'zs Cz + (’.'3, Cl o+ c3) S (0, 0, 0)
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This gives ¢; + ¢, =0, ¢, +¢;=0, ¢, + c3=0.

The solution is ¢, = ¢y = cy=0:

Hence, the set {(1, 0, 1), (1, 1,0) (0, 1, 1)} is linearly independent set.
Im(¢) = R°.

and therefore, ¢ is an onto mapping.

Example 4: Determine the linear mapping ¢ : R? — R? which maps the
basis vectors (1, 0, 0), (0, 1, 0), (0, 0, 1) of R? to the vectors (1,1),(2,3),(-1,2)
respectively. Find ¢(1, 2, 0).

Solution: Let & = (x, y, z) be an arbitrary vector of R
1 .i = (x,,2) =x(1, 0, 0) + (0, 1, 0) + z(0, 0, 1)
Since ¢ is a linear, (&) =x ¢(1, 0, 0) + y ¢(0, 1, 0) + z §(0, 0, 1)
=x (L) +32, 3)+261..2)
=X+ 2p—z, x+3p+ 22)
. @isdefinedby ¢ (x;¥,2) =(x+2y—z,x + 3y +22), (x,y,z) € R?
0(1,2,0) =(1+4-0,1+6+0)=(5,7). '
Example 5: Determihe the linear mapping ¢ : R> — R? which maps the

basis vectors (1, 0, 0), (0, 1, 0) (0, 0, 1) of R to the vectors (1, 1), (2, 3),(3,2)
respectively. Find ker ¢ and Im(¢).

Solution: Let & = (x, y, z) be an arbitrary vector of R®
& =(x,y,2)=x(1,0,0)+ (0, 1,0)+ (0,0, 1)

Since ¢ is linear, then ¢(&) =x¢(1, 0, 0) + y$(0, 1, 0) +z ¢(0, 0, 1)
=x (1, 1)+ (2, 3) +2(3, 2)
=(x+2y+3z,x+3y+2z)

~. ¢ is defined by (x, y, z) = (x + 2y + 3z, x + 3y + 22), (x,y, 2) € R®,

Now, ker 0= {(x,y,2) € R : 0(x,,2) = (0, 0)}

Let o = (x, y, z) € ker ¢, then ¢(ax) = 0

o(x,y,z) =(0,0)= (x + 2y +3z,x + 3y +22) = (0, 0)

This gives x+2t3z=0

x+3p+2e=0

vt - B e :
By the cross-multiplication, we get ;g = 3 5 " 3 5 Le Rl

= k (say) &
x=—Sky=kz=k ‘

r
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(X, ¥, 2) = k(-5, 1, 1) where k €R.
ker¢ = L(or) where v =(-5, 1, 1)

Im(¢) is linear span of the vectors o(at, ), (0s,), B(0ry) where {0, 0y, 03} is any
basis of R3.

Since {(1,0,0), (0, 1,0), (0,0, 1) isabasis of Im(¢) =L {(1,1),(2,3),(3,2)}.

Example 6: Determine the linear mapping ¢ : : R? > R? which maps the basi
vectors (0, 1, 1),(1,0, 1),(1,1,0)of R*to (1, 1, 1),(1, 1, 1), (1, 1, l)respectlvelyz
Verify that dim (ker ¢) + dim (im ¢) =3

Solution: Let & =(x,y, z) be an arbitrary vector of the domain set R>,
Let €=¢,(0,1,1)+¢,(1,0,1)+ ¢y (1,1,0) where ¢;, c,,c;€ R

or Giyi2) = (6 + ey, ¢ ¥¢55.6% ¢y)

. cz+c3=x,cl+c3=y,cl+c2= 2

y+z—x
2ty te)—(pte)=ytz—x=ce = Ty
+x- x+y-z |
CZ=£_____}_’_,C3=_J*~
2 2
Since ¢ is linear, then

) =c, &0, 1,1)+ c,¢(1,0,1)+ ¢;6(1,1,0)
= ¢, (1,1, D)+ (1,1, 1)+ ¢5(1,1,1)

=(qtagte,aqtote otetc)

=(x+y+z X+y+z x+y+z
N R

Hence, ¢ is defined by ¢ (x, y, z) = [x+;+z x+32’+z x'*')z"'"z

(x,y,z) e R.
Now, kerd={(x,y,2)e R : o(x, y,z) = 0}

Let (x,y,z)€ kero, then ¢ (x,y,z)=0

, X+y+z x+y+z x+y+z
. :.e.,( AR e e )2’ ]=(0,0,0)
xty+z=0
Let y=c,z=d,thenx=-¢-¢
(x,y,2) =(¢c,d,~c~d)=¢(1,0,-1)+d (0, 1,-1) where ¢, d
Hence, ker¢ =L {(1,0,-1),(0,1,-1)}
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Let us consider the relation ¢, (1, 0,~1) + ¢)(0, 1,-1)=(0,0,0),c;,c, € R.
or (cl,cz,—ci—cz)=(0,0,0)=>cl=c2=0

Hence, {(1,0,-1),(0,1,-1)} isa linearly independent set.

So dimker¢ =2

Im(9) is a.linear span of the vectors ¢(cx), o(B), &(y) where {0, B, y} is any basis
of the domain space R3,

Since 0, 1, 1), (1,0, 1), (1, 1, 0)is a basis of R, Im(6) =L {(1, 1, 1)}
dimIm(¢) =1 \
dimker ¢ +dim fm()=2+ 1 =3 (verified),

Example 7: Determine the linear mapping ¢ : R*> — R? which maps the basis
vectors (05 1: 1): (1 ’ 0, I)a (13 1; 0) 0fR3 to the vectors (25 0: 0): (0: 2: O): (03 09 2)
| respectively. Find ker ¢ and Im(). Verify that dim (ker 6) + dim im 0=3.

Solution: Let & = (x, y, z) be an arbitrary vector in R>.
Let§=¢; (0,1, 1) + ¢, (1,0, 1) + ¢; (1, 1, 0) where ¢}, ¢, c; € R
or *,,2) =(c, + ¢3¢t e300+ ¢y)

Gt ¢3=xc 1=y, cite,=z

X+z—-X X+z-y X+z-z
Cl=—_—,62= =

2 2 T
Since ¢ is linear, then
0(8) =c; 6(0, 1, 1) + ¢, 0(1, 0, 1) + ¢5 6(1, 1, 0)
=¢,(2,0,0)+¢,(0,2,0) +¢,(0,0,2)
= (2¢y, 2¢5,2c3) :
=(ytz-x,xtz-y,x+ty-2)
. @ is defined by ¢(x, y,z2) =(y tz-x,xtz-y,x +ty-2),(x,y,2) € R3
Now  ker ¢ = {(x,y,2) € R3: o(x, y, z) = 6}
Let (x,y,z)e ker ¢, then d(x,y,2) =6
or (y+z-x,x+z-y,x+y-2)=(0,0,0)
ytz-x=0,x+z-y=0,x+y-z=0

This gives the solutionx=y=2z=0

Hence, ker ¢ = {0} and dim (ker ¢) =0

Im¢ is a linear span of the vectors ¢(cr,), §(0,), ¢(c;) where {ot), 0, 0,3}
is any basis of the domain R>.
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Since {(0, 1, 1),(1,0, 1),(1, 1,0)} is a basis of R?, then
o =L {(2,0,0).(0,2,0) (0, 0,2)} 4

Since the set of vectors {(2, 0, 0), (0, 2,0), (0, 0,2)} is linearly iﬂdepeﬂdcnt.'

dimIm¢ =3 “

Hence. dim (ker ) +dim (Im9) =0+ 3=3.



