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114 GENERATQB_JSET. BASIS AND DIMENSION

We begin with the definition of a set of generators.

Definition: A set G of vectors in a vector space Vis called a set of gener, ‘f '
or a spanning set of Vif every vector Vcan be expressed as a linear f:omblnm F
of the vectors of G. The fact that G is a set of generators for V is expressed

"
M.

symbolically by ¥ = sp(G). Note that a set of generators need not be linearly :
independent. i

Example 1: Show that the following sets are spanning sets for R3.
i) {(1,0,0),(0,1,0),(0,0, 13}
i ((1,1,0),(1,0,1;(0,1, D}~/
(i) {(1,0,0),(0,1,0),(0,0,1),(1,1,1)}
(iv) {(2,1,0),(1,1,2),(-1,0,1)}.
Solution: (i) Let (x,, x,, x;) € R? be arbitrary.
Then evidently
(x5 Xp, X3) =X,(1, 0, 0) + x,(0, 1, 0) + x5(0, 0, 1), x;, x5, x; € R |
Thus, every vector of R3is expressible as a linear combination of the
of the given set.

g g

o gt e

Hence, the given set is a set of generators for R>,
(if) Let (¥, %5 X;) € R be arbitrary.
Then, if possible, let :
(x> X X3) = {1, 1,0)+ B(1, 0, 1) + (0, 1, 1).
X =a+[3,x2=-7+a,x3=ﬁ+'v.
This system of equations in a,, B, y has a solution viz.
i) I g

a=z{n+xn-xn),p= =% +x), v= 2 (72 +x-x)g

Clearly, (x,, x,, x,) is expressible as a linear combination of the vecte

the given set as o, B, y € R.

Hence, the given set is a spanning set,

. (iii) Smc'e any arbltran{ vector (¢, c,, ¢;) of R? can be expressed
linear combination of the given vectors as

(€1,€2€3)=¢1(1,0,0) +¢x(0, 1,0) + ¢,(0, 0, 1) +0(1, 1, 1) |

We conclude that the given set of vectors

is a spanni 3
g . 5 i 1S a spannin R
this expression 1S not umque.) g set for R .
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(iv) Let (x,, x5, x3) be an arbitrary vector of R3 and let, if possible,
(xy5 X3, X3) =02, 1,0) + (1, 1,2) +y(~ 1,0, 1) for some ot B, Y& R.
Then 20&+B—’y=xl,a+|3=x2, 2B +y=1x,
Solving, we get
0= 3%y =Xy =X, B=x; —2x, + x5, Y=4dx, —x; - 2x,.

Thus, every vector of R? is expressible as a linear combination of the given
vectors. Hence, the given set is a spanning set for R>.

Example 2: Show that the set of vectors
() {(2,1,3),(-1,1,0),(1,2,3)} is not a spanning set for R>.
(i) {(1,1,0),(0, 1, 1)} is not a spanning set for R3.
@i {(1,2,-1),(2,1,0),(4,2,2),(1, 1, 1)} is a spanning set for R>.
Solution: (i) If possible let (x5 X5, X3) € R3 be expressible as

(¥ Xy X3) = (2, 1,3) + B(= 1,1, 0) + 7(1, 2, 3).

or 200~ B+ y=x _ w{i)
ot+B+2y=1x, ...(iF)
30+ 3y =x, ...(fir)

Adding (7) and (ii), we get 3o + 3y =X, + x,.
So if x; + x, # x5, the above system becomes inconsistent. Then the linear

expression for the point (x,, x,, x;) will not be possible, (for example, (1, 2, 0)
cannot be expressed as a linear combination of the given vectors).

Thus, the given set of vectors is not a spanning set for R°.

(i1) Let, if possible, an arbitrary vector (c,, ¢,, ¢;) of R? be expressible as a
linear combination of the given vectors

i'e" ((!],02, C3)=(I.(1,1,0)+B(0, 1, l)
Then ¢, =q, 02=0\'.+B, C'3=B
So, c,=c t¢e

Evidently, if ¢, # ¢, + ¢,, then such a vector of R? cannot be expressed as
a linear combination of (1, 1, 0) and (0, 1, 1), e.g., (1, 2, 0). Hence, the given set
cannot be a spanning set for R,

(iii) To show that every vector of RR? can be expressed as a linear combination
of the given vectors, we assume that an arbitrary vector (¢, €,, ¢;) € R and
write that as

(¢, ey =0(1,2,- D+ B2 1,0+ ¥4, 2,2) + &1, 1, 1),

We now prove that for given ¢;, ¢,, ¢ such &, B, v, & exist.

From above, we get



a+2B+4y+d=c,
200+P+2y+d=c¢
—a+2y+0=c;

This is a system of 3 equations in 4 unknowns having infinitely many solutio

Hence, for a given vector (c,, ¢,, ¢;) there are infinitely many linear
combinations of the given vectors to generate (c,, ¢,, ¢;). This implies that th
given set is a set of generators for R>.

Remark: From the above two examples, one must have noted that
(1) a vector space may have many sets of generators.
(2) a generator set for R” contains at least n generators.
(3) a set of generators need not be linearly independent.

Definition: A basis of a vector space V is a subset of V which is linear
independent and a spanning set as well.

Thus the set {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a basis of R? inasmuch as
set of vectors is linearly independent and is also a set of generators.

From the above examples, one should note
1. A vector space can have several bases.
2. The cardinality of each basis is the same.
3. The trivial vector space {0} has no basis.

Definition: The dimension of a vector space is defined to be the cardinality
its basis. The dimension of the trivial vector space is defined to be zero. T
dimension of the vector space V is denoted by dim (7).

Thus, the dimension of R is 3. Similarly, the dimension of R” is n.

The dimension of a vector space may be finite or infinite. The vector spae
R? is finite dimensional but the dimension of R[x] is infinite. There are ma N}
other infinite dimensional vector spaces.

A useful result about dimension is the following.
Theorem: If § and T are two subspaces of a vector space V, then
dim (S + 7) = dim (S) + dim (7) — dim (S N 7).
If in particular, S~ T'= {0}, then
dim (S + 7) = dim () + dim (7).
The proof'is outside the scope of this book.

Example 3: Find the dimension of § + T'where § = {(x, y,z) € R x =0} af
T={(x,y,2) € R’ y=0},

Solution: Clearly S is the yz-plane having dimension 2 and T is the zx- li’1
having dimension 2,
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As §n Tis the z-axis having dimension 1, we get
dim(S + 7) =dim(S) + dim(7) — dim(7)
=2+2-1=3.

Remark: It is easy to observe that every vector of R? can be obtained as the
sum of a vector of S and a vector of 7.

Hence, S+ T'is nothing but R3, having dimension 3.
Replacement Theorem: Let {a;, Q,, ... o, } be a basis of a vector space V'
over R and B be a non-zero vector of ¥ can be expressed as a linear combination
of these vectors as

B=a0 + @, + ...+ a0, where a. e R
and if g, # 0, then {0, oy, ..., , B, O, - O} 1S @ new basis of V.
[i.e., o can be replaced by P in the basis.]
The proof'is outside the scope of this book.

Theorem: Any two basis of a finite dimensional vector space V have the
same number of vectors.
Proof: Let {a,, v, ..., o} and {B,, B,, ..., B,} be the two bases of a finite
dimnesional vector space V.

Since {0, 0., .., 0, } is a basis of ¥ and {By, By, ... B,,} is a linearly

independent set of vectors in ¥, then n < m 1)
Again, since {B,, B,, ..., B,} is a basis of ¥ and {og, oy, .. 0} is
linearly independent set of vectors in ¥, then m < n «£2)
From (1) and (2), we get
m=n

This proves the theorem.
Note: (i) If {o, .y, ... 0. } be a basis of a finite dimensional vector space V
over R, then any linearly independent set of ¥ contains at most » vectors.

(#i) Every finite dimensional vector space has a basis.
(iif) Every subset contains n linearly indepedent vector of »n dimensional

vector space is a basis of that vector space.
(iv) Every subset contains more than n vectors of n dimensional vector
Space is linearly dependent and can not be a basis of that vector space,

Example 1: Prove that the set S = {(1,0, 1), (0, 1, 1):(1, 1, 0)} is a bases of
R3,

Solution: Let us consider the relation

10 300, + cy0, = O where ¢; € Rand oy = (1,0, 1), = (0, 1, 1), 0 =(1, 1,0)

S ey(1,0, 1)+ ¢,(0, 1, 1) + 51, 1,0) = (0,0, 0)

h



kL) Mathemari ¢
or ((‘1 " ('". (.‘2 + C].. (‘l + Cz) :.':'(0, O‘ 0)

This gives ¢ +cy=0 A1)

c2+c3=0 (2)

¢y +ey=0 -(3)

Now, we get from (1) + (2) - (3), 2¢; = 0 => ¢; = 0 and we also get from (1)
and (2), ¢y =iyl

This proves that the set S is linearly independent.

Let &£ € R? be any arbitrary element where & = (a, b, c). Then we shall
prove that § € L(S).

Ifpossible, let € = a 0, + a,0l, + a304 where a,, a,, a, are real.
or (a, b, c) =a,(1,0,1) +ay0, 1, 1) +a5(1, 1,0)

This gives ata;=a
a,+a;=b
a ta,=c
This non-homogeneous system of three equations in a,, a,, a;. The
10 1
coefficient determinant= (0 1 1|=10-1)-0+1(-1)=-1-1=-2%0.
1 10
Hence, by the Cramer's rule, there exists unique solution for a,, a,, a;.
This proves that & € L(S) and therefore R3 c L(S) (4
Again S c R? and L(S) is the smallest subspace containing S, then
L(S) c R? £(5)

From (4) and (5), we get L(S) = R®
Since S is linearly independent and L(S) = R3. Hence, S is a basis of R°.

Example 2: Prove that the set S = {(1, 2, 1), (2, 1, 0), (1, — 1, 2)} is a basis
of R

Solution: Same as Example (1).

Example 3: Show that the set §= {(1, 0, 0), (1, 1,0), (1,1, 1), (0, 1,0)} spans
the vector space IR? but is not a basis set.

Solution: Let & = (a, b, ¢) be any arbitrary element of R®, Then we shall
prove that & € L(S).

If possible, let (a, b, ¢) = ¢|(1,0,0) + ¢y(1, 1,0) + ¢5(1, 1, 1) +¢,0. 1, 0) for
real ¢, ¢,, €4, €4
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or (a, b,c) = (ej+cy+ €y Cyt ey + ¢y €3)
Thisgives ¢, +c, + c;=a
¢, + Cy + Cy = b
c3=e
From these equations, we get G=cc=a-b+tc,c,=b-c-c,
If we take ¢, = 0, then we get
(@, b,0)=(@=5)(1,0,0)+(b-c) (1, 1,0)+ (1, 1, 1)+ 0(0, 1, 0)
This shows that & = (a, b, ¢) € L(S)

and hence, R’ c L(S) (1)
Again, § © R and L(S) is the smallest subspace containing S, then
L(S) c R? A 2)

From (1) and (2), we get L(S) = R> ie, S spans the vector space R>,
Again, the relation of linear dependence
1(19 03 0) i (_ l) (la 1: 0) + O(l’ ls 1) e 1(03 1:! 0) e (0? 09 0)
Hence, §'is not a basis of the vector space R?,
Example 4: Prove that S = {(2, 1, 1), (1,2, 1), (1, 1, 2)} is a basis of R’.

Solution: Let us consider the rélation ;04 ¢y, + c0t, = 6 where C1s Cp, Cy
are real numbers and o, =2, 1, 1), 05=(1,2, 1), o, =(1, 1, 2).

¢(2, 1, 1) +¢y(1,2, 1) +¢5(1, 1,2)=(0, 0, 0)
or (2e;teyteg,00+ 20,4 ¢5,0p ¢y T 2¢4) = (0, 0, 0)
This gives 2c)teytey=0

¢y t2ctcy=0

¢y tey+ 20, =0,
This is homogeneous system of three equations with three unknowns Cps

CZ,C3-
Here the coefficient determinant
175 (| =24-n-12-n+10-2)
%) I e
| g

Hence, by the Cramer’s rule there exists a unique solution and the solution is
€} = ¢, =cy =0. This proves that the set § is linearly independent.

Since R? is a vector space of dimension 3 and S is linearly independent set
containing 3 vectors of R?, so § is a basis of R’.
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Note: Show that the following set of vectors are basis of R*:
@ S=1{(@2,~1,0),(3,5,1),(,1,2)}
Gi) $=1{(1,-2,3),(2,3,1),(- 1,3, 2)},
Example 5: Show that the setS={(1,2,-1,-2),(2,3,0,-1),(1,2, 1,4
(1,3,-1,0)} is basis of R*.

Solution: Let us consider the relation ¢,0, + czaz +c,05 +c0, =0 W
C}s Cyy €3, €4 are real numbers and o, = (1,2,-1,-2), 0, = (2,3,0,-1),4
=(1,2,1,4)and o, =(1,3,~1, 0). ¥
c(1,2,~1,-2) +1¢,(2,3,0,— 1)+ c3(1, 2,1,4)¥cl,3,-1,0)= "
0,0,0) R
or (c;+2c,+cy+cy2¢ +3¢,+ 2¢y + 3¢y, —cptey3—cp— 2¢,—c, + __
=(0,0, 0%
This gives Cy T 265+ €5 +6,=0 -
2¢; + 3¢, + 23+ 30, = 0
— ¢yt ¢4—¢4 =0
—2¢{~¢, +dc; =0

This is homogeneous system of four equations with four unknowns ¢

Cq, Cye
b iy ]
Here the coefficient determinant = _21 (3) 2; j
-2 -1 4 0

21 -(; g (1) C3=C-2G, |-1 0 1

% 4 9 m gl GGG =12 20

2 36 2|%“4=C-G 3 6 2
=-1(4-6.0)-0(4.0)+1(12-6)

==-4-0+6=220.

Hence, by the Cramer’s rule there exists a unique solution and the sc
is ¢, = ¢, = ¢3 = ¢4 = 0. This proves that the set is linearly independent.

Since R? is a vector space of dimension 4 and S is linearly mdepend
containing 4 vectors of R*, so0 § is a basis of R*.

Example 6: Let V'be a real vector space with {o, B, } as a basis. Prove 't
the set {20+ 3B + v, 3B + Y, Y} is also a basis of‘ V.

Solution: Let us consider the relation ¢ 10+ ¢y, + 40t = 6 where ¢, c
are real numbers and o, = 200 + 3f + y, a=3p+y 0=
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200+ 3B+ )+, (3B + ) + c;Y=0
or 2c,0t3(c;t B+ (e, + ¢, te)y=0
Since the set {a, i, 1} is linearly independent, then we get
2¢,=0
3(c; +¢,)=0
¢t ey tey=0
The solution of these equations is ¢;=0,¢,=0,c , =0,
This proves that the set of vectors 0.}, O, Q5 18 linearly independent.

Since ¥ is a vector space of dimension 3 and {0, o, 03} is linearly
independent set containing 3 vectors of ¥, Therefore {0y, 0,, 0} isabasis of V.

Example 7: Show that the set of vectors B = {1, 1 + 3x, 1 + 3x + 2%} isa
basis of P;.

Solution: Let us consider the relation €10 + €50, + ¢50, = O where Cps €y C
are real numbers and o, = 1, o, = | +3x, 05 = 1 +3x + 2%,

¢p- L+cy(143x) + o5(1 + 3x + 26%) =0
or . (epteytey) . 1+3x(c, +e) + 20,2 =0.1+0.x+0. 22
Thisgives ¢, +¢, +¢; =0
3(cy +c3) =0 |
2¢;,=0
The solution of these equations is ¢, = ¢, = ¢, = 0. This proves that the set

B is linearly independent.
Since P, is a vector space of dimension 3 and B is a linearly independent set

containing three vectors in 75, so B is a basis of P;.
Example 8: Find the basis of IR that contains the vectors (1,2,0)and (1, 3, 1).
Solution: Here R, is a vector space of dimension 3. The standard basis of R
is {&), &y, €;} where &, = (1,0, 0), & = (0, 1, 0) and &, = (0, 0, 1)

Let o=(1,2,0)and =(1,3,1)

Now a=(1,2,0y=1, §+2.6 +0.§&

Then by replacement theorem, o can replace &, in the basis {§), &,, &,}
and {a,, &, E;} in a new basis of R,

Let B =co+ ¢,y + a6,

or (1,3,1)=¢,(1,2,0) + c5(0, 1, 0) +¢5(0, 0, 1) = (¢, 2¢; + ¢y, €3)

Thisgives ¢, =1,2¢,+¢;=3,¢;= 1

-
W,
<l ag. o 7
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Then by replacement theorem f3 can replace g, in the basis {a, &, &} and
{ou B, &) is a new basis of R*. =
Note: Find the basis of R? containing the vectors (i) (1, 1, 0), (1, 1, 1) ,
(1) (1,2, 1), (3, 6, 2).
Solution: Same as Example (8). e
Example 9: Show that §= {(1-_. 03 1 ? 1)’ (_ 19 T l, 09 0)9 (0’ l'! ls 0)} isa linearly
independent. Subset of R* (vector space of dimension 4 over R). Extend the
subset to a basis of R?,

Solution: Let us consider the relation €0 + 0 + 30, =0 where c, c,,
are real numbers and &, = (1,0, 1, 1), o, = (- 1,-1,0,0), 03 =(0, 1, 1,0
cl(ls O’ 1: 1) + 02(_ 15 % la 09 0) T 63(09 13 1? 0) = (0! 0! 03 0)

or (cj—cyp—cyteyc0tey, ¢;)=(0,0,0,0)
This gives ¢y — ¢, =0
=y e =0
gy c3 =0
=0

The solution of these equatlons is ¢, = ¢, = ¢; = 0. This proves that the
S subset of R* is linearly independent. ‘ |

Let B=(1,0,0,0)e R*~L(S)
Then we shall prove that the set S, = {a;, 0l,, 05, B} is linearly independe

Let us consider the relation ¢, , + ¢,0, + c,04 + c3B =0 where ¢, ¢,
and c, are real numbers.

1

Now, we assume ¢, = 0, if ¢, # 0, then ¢, exists in R.

o 23 = 3
ey 2 -4
= d,0, + dya, + dyo, where dj=-c; c/eR

. B € L(S) which gives the contradiction and hence the assumption is
e, cy= 0,

Since {o, 0, 03} is linear independent set. So ¢,= 64= 0y = 0,
Therefore, the relation ¢, 0, + c,0, + €301, + ¢, = 6 implies ¢, = ¢
This proves that the set S, is linearly independent.

Since R* is a vector space of dimension 4 and S| is a linearly indepent
set containing R* vectors of R?, so S| is a basis of IR“

[2nd part: Letf=(1,0,0,0)¢€ ".'
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Let us cu‘::slder the set S, = {0}, &y, 03, B}. Then we shall prove that § 18
a basis of R". '

Let us consider the relation €10 €05 + ¢304 + ¢, = B where ¢, ¢,, ¢,
c, are real numbers,

(L0 L D+ 1,-1,0,0)+¢4(0, 1, 1,0)+¢,(1,0,0,0)=(0,0,0,0)
Thisgives ¢, —c, + ¢, =0

cl+c3=0
=

The solution of these equatlons IS ¢, = ¢, = c;=c, = 0. This proves that the
set §, is linearly independent.

4.
Since R" is a vector space of dimension is 4 and S| is linearly independent
set containing 4 vectors of R*, so $, is a basis of R“

Example 10: Find the basis and dimension of the subspace W of R? where
W={xy1z2)e R3:x+y+z=0}.
Solution: Let = (a, b,c) e W, thena+b+c¢=0 and a,b,c,e R
E=(ab,—-a-b) (- c=-a-b)
=a(1,0,- 1)+ 5(0,1,- 1)

Let o=(1,0,-1) andB=(0,1,—l),then§=aa+bﬂe L(S)
where S = {o, B}

% Wc L(S) (1)
Again o € W,B e W. This implies L(S) c W w(2)

From (1) and (2), we get W = L(S).
Then, we shall prove that the set S is linearly independent.
Let us consider the relation ¢, 0 + ¢, =  where ¢, ¢, € R
¢ (1,0,- 1)+ ¢,(0, 1,-1)=(0, 0, 0)
=b (cppeyp—ci—c)= (0,0, 0)
Thisgives ¢, =0,¢c,=0,~¢;~¢;=0
Z+ €)= ¢, = 0 and this proves that the set S is a linearly independent set.
Hence,  §= {o, B} is a basis of W and dim W = 2,
Example 11: Find the basis and dimension of the subspace W or R? where
={(x,y,z)€ R : x+2y+z=0, 2o+ y+3z=0}.

2
e
4 5
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Solution: Let & = (a. b, ¢) be an arbitrary vector of W, then
a+2b+c¢=0 and
2a+b+3¢=0 wherea, b,ce R

By cross-multiplication, we get

ie., — = — = — = k (say)

a=5k,b=-k, c=-3k _
& = (5k, — k, = 3k) = k(5, — 1, — 3) where k i arbitrary real number,
W= L{a} where .= (5, 1,-3).
Since {0t} is linearly independent set, {} is a basis of 7 and dim W= [,
Example 12: S and T are subspace of R* given by
S={(x,y,z.w)e R*: 2x+y+3z+w=0}
T={(xy,2z we R*:x+2p+z+3w=0}
FinddimSNT.
Solution: Now SN T= {(x,y,z,w) € R*: 2x+y+3z+w=0,x+2y+z+3w=
Let £€=(a,b,c,dye SN T, thena,b,c,de Rand AN
2a+b+3c+d=0
at+2b+ct+3d=0
Solving (1) and (2), we get
a=-5b-8d,c=3b+5b
&=(a, b,c,d)= (- 5b—8d, b, 3b+ 5d, d)
= b(-5,1,3,0)+d(-8,0,5,1) 2
Letot=(-5,1,3,0)and p=(-8,0,5, 1), then = ba+dBwhereb del
§ € L(S) where S = {o, B} E
SN Tc L) |
Again, € S,0.€ T:Be S,Be T, Thisimpliesce SAT,pe Sl
LS cSnT
From (1)and (2) L(S)=SNT.
Then, we shall prove that the set of vectors o, B is linearly independ --
Let us consider the relation
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e +cf=0
Le., c)(~8,0,51)+ c,(-5,1,3,0)=(0, 0,0, 0)
or (— 8¢, - 5{:1, ¢, 5¢, + 3¢, ¢,) = (0, 0, 0, 0)

Thisgives —8c, — 5¢, =0

¢1=¢;=0. Hence, Sis linearly independent set.

Example 13: Find the dimension of the subspace S of R* where
S={xy 2w xty+z+w=0}.
Solution: Let & = (a, b, ¢, d) € S,thena,b,c,de R and g+ b+c+4d=0
v d=-a-b—c
E=(a, b, ¢c,—a-b-c)
=a(1,0,0,— 1)+ b(0, 1,0, 1) + ¢(0, 0, 1,-1)

Let 0 =(1,0,0,~1),B=(0, 1,0, I)andy = (0,0, 1, 1),
then E= ao+ b+ cy '

Ee L{S,} where S, = {a, B, v}

§¢ ) (1) 5
Again, o, B, y € S. This implies L(S,) < § (2) :

¥

From (1) and (2), we get L(S) =S
Then, we shall prove that the set S, is linearly independent.
Let us consider the relation

clote,ptey=0
or ¢(1,0,0,—1)+¢5(0,1,0,= 1) +¢4(0,0, 1, 1)=(0, 0, 0, 0)
or (1o €5y €5, =€) m €5 ~i3) = (0, 0, 0, 0)
Thisgives ¢,=0,¢,=0,¢3%0,~¢;~¢,~¢;=0
¢, = ¢, = ¢y = 0. This proves that §, is linearly independent set.
S, is a basis of S and dim § = 3,
Example 14: Find a basis and determine the dimension of the following
subspace of the vector space R, , ,:

05 {2 Yetsianind]
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(@) S= {(i 3) E]szz :G=d=0}.

Solution: (i) Let 4 = (’f :;) e S,thenx,y,z,we Randx+w=0

=

e (e el 9 D8

1 0) _ e _[0 0]
Let[o-— ‘M’N‘(o OJ’P_IO

A=xM+yN +zP

A € L(S)) where S, = {M, N, P} :

S c L(S,)) (1§
Again, Me S,Ne S, P e S. This implies L(S|) c § ()8
From (1) and (2), we get L(S,) = S.
Then, we shall prove that S, is linearly independent set.
Let us consider the relation aM + bN + ¢cP = 0 where a, b,c € R

i 92 943969

a by _(0 0) o i 5
[c _)—(0 O.Thlsgwesa 0,6=0,c=0.

This shows that the set S is linearly independent.
S, is a basis of S and dim § = 3.

X
¥y _(x ¥y
(ii) Let 4 (z i

4
=xy=0y)= (Ol) (00)
4 (z, w] 0 0/~ Yo o/TZu o
PR & ¢ LS (0 0
LetM"[o oja“dN'(l 0)
A=yM+zN

A € L(S)) where §, = {M, N}
S < L(S))

€S,thenx,y,z,welR and x=w=0
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Again M€ S, N € §. This implies LiS)cS - A2)
From (1) and (2), L(S,) = §. '

Then we shall prove that S, is linearly independent,

Let us consider the relation aM + bN = 0 where abeR

o o+ -5 9

4 [g g) = [g g) . This gives a = b = 0,
This shows that the set S, is linearly independent.
=~ 8, is a basis of S and dim § = 2.
Example 15: (a) Let W be a subspace of R? defined by
W=1{a,b,c,de R*:a+b=0,c=24). Find dim W.

! (b) L(,iet S={xy,2)e R*:3x —y+2z=0}. Show that S is a suia—space of
R°. Find a basis of S.

Solution: (a) Let§ = (x, y, z, w) € W, then X,y,z,we€ Randx+y=0,z=2w
E.! =(x’y!z’ W)':(x,—x, 2w) w)
=x(li— 150! 0)+W(0, 0) 29 1)

Let a=(1,—1,0,0)and[3=(0,0,2,l)

- ¢ =xo+ wp € L(S) where S = {a, B}

- W e L(S) (1)
Againo e W, e W, this implies L(S) c W A2

From (1) and (2), we get L(S)= W
Then we shall prove that the set S is linearly independent.
Let us consider the relation ¢, + ¢, = 0 where Cy» €5 are real numbers,

¢,(1,-1,0,0)+¢x(0,0,2,1)=(0,0,0,0)
= (¢~ ¢y 2¢4, €5) =(0, 0, 0, Q)
This gives ¢;=0,-¢,=0,2¢,=0,¢,=0
¢ =¢y=0
This proves that the set S is linearly independent.
Hence, S is the basis of W and it contains two vectors,
dim W= 2.
(b) Let o0 = (x, y,2) € Sand f = ("'2*1"2* z,) € §, then
Ix, —y, + z)=0 and 3x, -y, +2, =0, x), X5, V|, V5, 2, 2, € R

’

E= S
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Now, ot + B = (x), ¥}, 7)) + (X3, V2 Z,) |
= (X, + Xp 0y + 1, +2, +2,) € S because 3(x; +X;) - 0V +y) + (2, + 22)—:
=(@3x, -y +t2) TG =), + 2)
=0+0=0
Let ce R,thenca = c(x;, ¥ 2))
= (exy, Yy cz)) € S because 3(cx,) - ¢y + cz
:c(3xl-—yl+zl)=6.0:0
Sincea, Be Sandce R=>0+Pe Sandcae §
-, S is a subspace of R
Let &=(x,y,z) € S, thenx,y,ze R and 3x-y+2z=0
E=(x,3,7)= (5,5~ 3%)
_ =x(1,0,-3)+ (0,1, 1) |
Let a=(1,0,—3)and B=(0, 1, 1), then E=xoL+ )P € L(S,) where S, = {c, B}
S c L(S)) |
Again o € S, B € §. This implies L(S;) € S
. From (1) amd (2), we get
S = L(S,)
Then, we shall prove that the set S, is linearly independent.
Let us consider the relation c,0 + ¢, = 6 where ¢,, ¢, € R
¢,(1,0,-3)+¢,0,1,1)= (0, 0, 0)
= (¢}, €3, —3¢; +¢5)=(0,0, 0)
This gives'c; =0,¢,=0,-3¢c; +¢c,=0

c1=c2=0

This proves that the set S, is linearly independent.
Hence, §, is the basis of S.



