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DEtem'linants

e notion of determinant is fiypg,
¢

Mmenta] i,
: eb
gications in many spheres of Mathematica| gy - "% remendous
. .

efinition-

gition: The determinant of 5 g

di (or|Al, is defined to be a rea]
el /

Umber obtained as follows:
f A=lanl, detd=gq,.

A= U det 4
Lazl 022 11%22 12791

apy app ap

It A=|ay ay a; |, detA:au“zz%

T 19303 ~ apyay a4,
T 12831053 ~ 4300105, — aai a
@3 a3y ayy 123 = 413071937 — a303, ay,

and s0 on.

Thus, determinant of a matrix can be taken as a function from the set of
square matrices to the set of real numbers, Sometimes,

the determinant of
4= [aij] will also be denoted by ]aij| ie.,

d A2 .. G

021 022 ki a_zn
det 4 =

an any .- Ayp

Note that 4 determinant can also be defined without reference to a matrix.

Minors anq Co-factors: The minor of an element in a dete?rmi.nant 1scttl;el
“erminant obtained by deleting the row and the colm Wlf{l(;{l m;?rse
Aelement, Let us consider the determinant of a matrix 4 as follows:

a1 o, a3
det 4 = a4y ay; ap;

a3) a3y as;
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The minor of @, which lies in first row and first column is given by

a a
M, = n @3
ayy; ay
- 02 a a d a
Similarly, My,=|2" "B|, My, =" | and My= [
ay az ay| ay ay ap

are the minors of the elements @)y, Ay, Gy, TeEspectively.

The minor of an element a;, ; 1s generally denoted by the capital letter M.
The co-factor of a;;in det 4 is defined to be (- 1)’ */ x (minor of a;)

R, —( l)'“M

The cofactor of a; is generally denoted by A4;. The co-factor of a is
given by

" 1+1[%22 423
Ay = (-1 i
a3 ds3
it a,, a
Sil‘!’lllal’ly, A]Z & 1)l+2 21 %23
az) a3
Let us consider the determinant of a matrix 4 = (ay)n 5
a” a]2 B 'aln
&y o 'd
det 4= |21 2 - o
Ay Apy - Ay

The value of det 4 can be obtained in terms of the elements of the ith row
as det4 = !1 :1+a2A2

For the values of i = 1, 2, 3 ... n, there are n different expansions for det 4
given by

m in

detA=a A, ta,A,*..+a,A, (forfirstrow)
= ay Ay + Apdyy ot ay Ay, (for 2nd row)

...................................................

---------------------------------------------------

=g A Buodea t ot T i (for nth row)

proceeding with similar arguments in respect of columns of 4 and considering
in particular, the elements of the jth column, the expansion of det 4 can be
obtained as

detA4 = alelj.+asz2j+...+am.Anj (i=1,2,..n)
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L oW and one column be deleted from
L

qaining (7 D) (n = 1) matrix js Callcdn matrix (,), the determinant

[1'0"

A ¢

l\“hL a h g
ampleifA= 17 b | then
ort
' g0 .2
- Jing in terms of the first row, we get
b
f c g C g f

2
a(be = %) ~ h(he - gy + g (hf - gb)
= abc — af2 - hzc,+ hgf + hgf + gzb
similarly: expanding in terms of the 2nd row, we can write

A=wh h g a g a h
Fooeliglgivel Clg f
= —h(he - gf) + bac - &) - f(af - hg)
= — hPc + hgf + abc - bg* — af % + foh
= abc + 2hgf — af — bg? — ch?
Expanding in terms of the first column we can similarly get
bl f h g h g
Sroel ol pig| i f
= a(be—f?) — h(he - gf ) + g (bf - bg)
= abc — af ¥ — ch® + hfg + hfg — bg?
= abc + 2hfg — af2 — bg2 — ch~.

+b

A= a

t8

94 PROPERTIES OF DETERMINANTS
The following properties are true for nth order determinants. We, however,
prove them for 3rd order determinants only.
L. The value of det 4 remains unaltered by changing its rows into columns
and columns into rows
e, detd = detd’

a a a
ay, G a3 11 ey 93]

L - A =|ay ap ayp| and A'=|ay dp 9

a3 @3 4
ay g3 933 I8 A
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a) ay ay
det Ar = alz 022 032
a3 dy3 a4z
= a,,(Gyya33 — ap3ay)) — a15(ay,a33 = ay33,)
+ a,3(a5,a3, — a5ya3;)) (Expand w.r.t. first column)
det A = det A",

2. The interchange of any two rows (respectively columns) of a matrix 4
changes the sign of the determinant.

-

For example,

ap a3 43
detA = 021 022 023

a3 4ayp 433

By gy i
=(=Dlay; a2 a3 (interchanging R, and R))

az) Gy 433
dy a1 423
=(-1)(-))|a, a; a3| (interchanging C,and C,)
azp a3 a3
[Note the numerical value remains unchanged.]

[R; denotes the ith row (i = 1, 2, ... n) and C; denotes the jth column
(G=1,2,.n)]

3. Ifany two rows or columns of a matrix 4 of order n be identical, then the
value of the determinant is zero.

For example,
g8 b c
detd =la b c|=0. (Since R, and R, are identical)
e f &

4. Ifthe element of any row or column of a determinant is multiplied by @
scalar (number), then the determinant is multiplied by the same scalar
(number).
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C det A

C(Il |
a,

asy)

Ca| |

= C02|

w1
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Cay;, ca
1
4y @y ayy

2 ap|=c|a,

; ay; ay
a
2 Ay =clay ay  ay,
42 ay a1 ay  ay

(faTOW (column) of 4 be a scalar multiple of another row (column) then

dct ’.; = O-

FOI' e‘\al'nple,

a
Cal 1
as|
a1

a

as]

42 a3
cap cap
A3y a3
dp a3

a|p as | = 0. (Smce Rl and R2 are ldentlwl)
a3z a3y

5, If the elements of any row or column be the sum of the two quantities,
then the determinant can be expressed as sum of the two determinants.

For example,

and

a a2 a3
ay +by
as) asy a8

an

D)
a3

by
by)

by

a
a)
as)

Gy +byy a3 +by3

dn 43 a1 42 N3

dy ap|t bll b)l b23

ayy a3 a3l ay; @3

by +ap b

b22 + 022 b23

by, +ayp a3

ap ap| | %2

ds» ann + bZl bzg 63 .
ay @y 9

dy a3
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6. Inann x nmatrix 4 ifa scalar multiple of one row (column) be added to
another row (column), then det 4 remains unchanged.

a
az
as;
42

43
a3
as3
da3

A4
ayq
a3y

Qa4

and ¢ be a scalar, let ¢

times the 2nd row of 4 be added to its 3rd row and B = (b;) be the

11
For example, if det 4 = 91
as
s
resulting matrix.
by by
detB = B By
by b3y
by by
5
a1

aq)
a1 012‘ a3
Wl ay  ay
@) 43 ds;
gy A4 A3
=detA +c- 0
=det 4.

b4
b4

bay

ap
an

ag

aia
a4
a34

44

031 + CGZI ('132 + Cazz a33 + Caz3 034 + caz4

ap

253
ay)

da

a3 a4
ans ary

as3 Ayq

A2 43 94
ayy ay3 Ay
Qy; Qy3 Q4

Qg Q43 Qmp

("~ R, and R, are identical)

7. In an n x n matrix 4, if one row (column) be expressed as a linear
combination of the remaining rows (columns) then det 4 = 0.

Let A= (a,.j) and A, =Ca; T oay t .t a,

lj

where ¢, ¢, ... ¢, | are scalars, j = 1, 2, ... n, then

an  a;

a, a
detA4 = ‘?] ?2

gy dp

wee

A

Ay

arm
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Eﬂlutign: NOW A=

ap

ay|

aa

any

a

2

a
12 a4, a
ax a
2n a
. : + :".l
Cia; claln Cyay
a” a|2
a21 022
A _1,1 Ay_1,2
CrinOniny1 Cy_18, .1

aln a] 1
Ay a

T i

A ay)
a a2
az 25))

Ay_11 9-12

ay_11 9-12

=@ Ok ehe@ iy y20=0

ayz

ay

G20y

2

p)
%))

ax

Cn-19,

in

Oy,
hp

n

an—l,n

~I,n

n

Ap

n
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(Since all the determinants have two identical rows.)

1

o Q

)

a
b

L2

Example 1: Prove without expanding

a* @ +bed
b2 b +cda
2 ¢ +dab

d? d° +abe

a® +bed
b + cda
¢ + dab

d° + abe
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Mathemaﬂm_,
'y o W | a a bed
b B » A | b b® cda
1 ¢ & & | ¢ ¢ dab
1 d d&* &3] |1 d d* abe

o at o a a¢ & abed Multiplying Rby)
IR R L b* b abed Ry by
Il ¢ 2 | abed|c & & abed| Rybyec
1 d & & d d* d&° abed and R, by d
1 a & @ |d'a® e M
L N L ! Multiplying €, b
1 ¢ & & ¢ & 1 4yo:zbm'
1 d 4* d°| |d d% d 1
Lo a e 1 a & &
I L S I O \{
i TRE R | N S ,
ldd &1 d & & -~
(by three successive interchanges of C, to C,)
= 0.
Example 2: Prove without expanding
g 1 a® gl
(i) |6® B> 1| =(ab+bc+ca) |b® b 1].
¢ ¢ ¢ 1

Solution: (i) Using the identity @ -a Za +a Zab —abc =0,

azza~a2ab+abc a1
weget LHS = sza - bZab +abe b* 1
¢? za - "Z ab+abc ¢ 1
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2 2
az az l 2 tab iy abe 4
:Zab b l-—Zabbbz +labe B2
2?1 2
€ & 1|4 |abe ¢ 1
a@ q 1 1 &%
;_ Za.0+2ab b* b | tabe|l p2
c? ¢ 1 1 ¢2 1
(Sinc.e in first determinant hag two identical columns
and interchange C, and C, in the 2nd determinant.)

= (ab + bc + ca)

= (ab + bc + ca)

(i)

Solution:

1l

bed
cda
dab

abc

Now

b+c+d
c+d+a
d+a+b
a+b+c
1
1
1
1

“bed
cda
dab

abc

bed
cda
dab

abc

1
1
1

d2
b+c+d a

c+d+a b

d+a+b c

a+b+c d*

a+b+c+d-a
b+c +d+a-b
c+d+a+b-c

d+a+b+c-d

+0

2

2

2

a

bz

d2
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= (a+b+c+d)

Q

abed | .

I, a
Ry
1 ¢ el

1 d 4¢ &

(@+b+c+d)-0—

| bed a+b+c+d
| cda a+b+c+d
| dab a+b+c+d

| abc a+b+c+d d?

bed
cda
dab

abc

abcd
abed
abed
abcd

o> Q9

o)

N

(Interchanging C, and C,.)

2
a

h?

C2

M,
I."”he",o“r‘r
de da az
cda b H?
dab C CZ
abc d 4?
Multiplying
R bya
R2 be
R3 byc
R4 byd
Multiplying C, by ——
EYREC yabcd

\\J
-

8. Ifthe elements of a matrix 4 of order » are real (or complex) polynomials
in x (or function of x) and the two rows or columns of 4 becomes identical
when x = g, then (x — a) is a factor of det 4. Similarly, if » row’s (or
columns) becomes identical when x = a, then (x —a)" ~ ' is a factor of

det A.
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a a |
2
.. Prove tont (0% b fliae
l_‘,'mpll c2 1 (a b) (b e C) (C i a)'
C
(az a ]\
o a2
qlution: Letd | 5; LA 1
‘ \cz ¢ /1Y

Let the elements of the matrix 4 be Polynomials in 4. Then two rows of 4

denticalwhena=5 .. a—pisa factor of det 4. et the elements of the

irix A be pol@omials in b. Then two rows of 4 become identical when
-y (b -c)i1sa factor of det 4. Similarly, (c— a) is a factor of det 4.

Since det A is a polynomial in g, b, ¢ of degree 3,
detd =ka~b) (b-c)(c-a) (1)
where k 1s a constant.

-ome |

Now puttinga=0,b=—1,¢=1in (1), we get

I =T 11 =k0+1)(-1-1)(1-0)

=5 2==2 e = 4]
det4 = —(a—b) (b - c) (c - a).



