Matrix-I1

10.1 SUBMATRIX OF A MATRIx

original matrix. Thus we have:

Definition: A submatrix of a matrix is a matrix obtained

from the first by
suppressing one or more rows or columns or both.

. [2 1 3 2 3 |
Thus the matrix 4 0 2 has 4 7| 2s @ submatrix obtained by

suppressing the second column. Similarly [3] is a submatrix obtained by deleting
the 1 and 2™ columns and the 2™ row of the original matrix.

Note that every matrix is a submatrix of itself.

—

102 RANK OF A MATRIX

The rank of a matrix has an interesting impact in many results of matrices.
This will be evident in some of the following results.

Definition: The rank of a matrix is the order of the largest square submatrix
Whose determinant is non-zero.

The rank of a zero matrix is defined to be zero. .

Note that the rank of any identity matrix is the same as its order.

s e 2
Clearly, the rank of [ é f ;J is 2 since the submatrix {0 l] W

dﬂe”m'ﬂam: I which is different from 0.

f _ : T
"Mple; Fing the rank of the following matrices:

1 2
(1'213 {1123
J{63 ]J Giy |2 2 0] Gid g :l;
3 413

2
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1
0
3
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Solution: (i) Since 31

1s 2.
(ii) Since the determinant of the given matrix is zero, the rank must be less

l‘ =Obut‘

: 4 ‘ =—8+#0, the rank of the given Matrix

. i .
than 3. Again as the submatrix [2 2] has determinant — 2, the rank of the

given matrix is two.
(iii) Clearly the largest square submatrix is of order 3. Let us take the
i 21
submatrix [0 1 0. Then its determinant is 1 # 0. Hence, the rank of the
2 3 3
given matrix is 3.
For matrices if small dimensions, the above method is quite comfortable, but

for matrices of high dimensions, the above method becomes laborious. So we
have alternative approaches for determining the rank of a matrix.

10.3 ROW AND COLUMN TRANSFORMATIONS

There are two types of elementary operations viz. elementary row operations
and elementary column operations.
We enlist them below:
1. Interchanging any two rows of a matrix, denoted by R; where the i
row and and ;" row are interchanged.
2. Multiplying any row by a non-zero constant k, denoted by k R; where
i row is multiplied by & # 0.
3. Adding scalar multlple of any row to another row, denoted by R; + kR,
when k times the /™ row is added to the i™ row; & # 0.

The column operations are similarly defined:
C;: Interchanging the i and /™ columns of a matrix.

kC Multiplying the i th column by k#0.
C+ kC Adding k times the /" column to the i column, k # 0.

Itisa well known result (stated here without proof) that neither row operations
nor column operations change the rank of a matrix. Hence, this result may be
used to determine the rank of a matrix to our convenience,

Example 1: Determine the rank of

‘ 2 0 4 6
3 2 1.5
7 29 17
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Solution: Clearly the Eiven Matrix
204 6 Ri=1gp I o 3
21 3 1 0 2 3
3 2 l 5‘]—__‘—‘—-———._’ 3 2 l 5 R =R2—3R| 0 2 _5 _4
1’9 . 2 3
R —
“Hslo 2 -5 4
0 0 o 0
Clearly, the rank of the req

matrix is also 2.

i ; nals
column Operations to reduce the may; : © apply both row and
from which the rank may be determin,

ed comfonably
pefinition: If a matrix is of the form

I, 0 :
0 o0
where /, is the identity matrix of order , and
I

0 stands for zero matrices, it is
gid to be in the fully reduced normaj form.

[2 -2 0 6]

4 2 02
Example 2: Find the rank of 4 yvhereA= ik 5,

1 -2 1 2

Silution: Let us apply the elementary operations on the matrix 4, we get

2-20 6 H—Iog' Ré—ég_lg
<4 202 g [4 20 Ry =Ry~ 4R
A*I 7 5 3 13 > 2 22 0 6 Rj,iR:;:JZRRI 0 0 (: —(:
-2 1 2 g gy MR e
pi - "y
r-1 00 i 1 00 E
[1-10 3 3 5
kz;lkz 5 ; 0 1 0 ___E Ry 010 "3'
&)0 1 0 - R|=R]+R2 3 —_— 2
0 ¢ 0 3 Ry =Ry + Ry 000 O 0 0 1 —5
8 0
el I - 000 0
1 001 3] i
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g 2 1 09 ¢ 100 ¢
Gec-fq [0 10 3| cugede, |01 0 30 G436 o 1 g g
Sl it el iy il g
8 00
b 0.1 2 O 00 (]) 3
3 000 0
000 0

=R,say .. Risthe fully reduced normal form. It has 3-non zero rows, Hence,
rank of 4 is 3, i.e. r(A4)=3.

8 1 3 6
Example 3: Show that rank of the matrix 4 is3 whereA=| 0 3 2 2|
‘ -8 -—1-<374

Solution: We apply the elementary operations on the matrix 4,

{ L3 jok B
B 1. 3 6| glaka 8 8 8| . _ 8 8 8
A=l 08,3 af——3"5"§ 3 3 3|HHr 1573 2"3
—8" 1 =% 4 8 <l 4 0 0 010
[, 1 3 6] ([ o 1 16] Lo 16 7
R'—lR 8§ 8 8 RJ—R ]R 24 24 24 24
#0122 1_1_§2>0122_€23_,0123
0" 10 0 0 1] 00 0 1 00 1 0
10 0 0
; 16 ;
C3=C3-2.G 3 2| Geopeg L 000
, =——0 1 3 % , >—>(0 1 0 0| =R (say)

- R is fully reduced normal form. It has three-non-zero rows. Hence, rank
of 4 is 3. '

1 1 -1
Example 4: Show that 7(4) = 2 and #(B) = 2 where 4 = 2 -3 4 and
3 -2 3
1 -2 3
B=16 12 6. Show further that /(4B) = 1 while r(BA) = 2.
5 10 5
1 1 -1
Solution: Now det A =2 -3 4] =1(-9+8)—1(6-12)-1(-4+9
3 -2 3

=-1+6-5=0

o
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“,,,1 d | . 9
a singular matrix, so rank
fenee: 414 of A « “*“““Cfmﬂderthezndmdg
; ~3-2==5%0. Hen :
mmol 2 "3 _ C€, rank of A is 7,
1 -1 3
=16 12 6] =1(60 -
NoW det § 10 8 ( 6O)+'(30—30)+3(6060):()+0;

-0
1 o & i :
( Jence, B8 @ singular matrix, so rank of B < 3. Let us consider the 2nd

1 -2
mdermmoré 1 =12+ 12=24 #0. Hence, rank of B is 2.
i 1 -1|{1 =2 3] [2 0 4
Now AB=2 -3 4/l6 12 6|=|4 0 8
13 -2 3}|5 10 5] |6 0 12

b =2 311 . 1 -] 6 I 0
BA=|6 12 6|2 -3 4|=[48 -42 60
5 10 5|3 -2 3 40 -35 50

4
8 | =0. Hence, AB is a singular matrix. So rank

2 4 2 4
of 4B < 3, buteverymmoroforderZ1szero ('4 R OI6 l2|=0...].So

tank of 4B < 2. Since all the elements of AB are not zero, so rank of 48'is 1.

6 |
§ -7 10[=0
g -7 1

(* two rows identical)
k of BA < 3. Let us consider the y o

o O O

' 2
Now det (4B) = | 4
6

[

2

6 1 0
Nosw det (BA) = [48 —-42 360 = 6x5
40 -35 S

Hepe i ) .
“Ice, BA is a singular matrlx, S0 ran

Urdcrminor 6 1 3 66 = 6(-42-8)=- 6 x 50 # 0. Hence, rank
0f g 4 - 48 ~42 8 -7
i lwo,
1 .2 .=l
:xam e 2 4 + -6 :
Ples; Determine the rank of the matrix 4 where . g g _:i
3 —
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Solution: We apply the elementary operations on the matrix A,

12 -1 0 BF B R [ R 12 -1 0
4=12 4 4 -6| m-r-2# |00 6 -6[ R 100 1 -
0 0 5 -2 R=rR-3% |00 5 -2 00 § -2
16 8 -l 00 9 -l 00 9 -
1 -12 0 102 -1 , 1 0 2 -
Cy |0 1 0 1| R-r+r, O 1 0 =1] B=38 fo 1 0 -
—_— > S ——
0 5 0 -2| m=R-58, |0 00 3f p_lpg 71000 1
0 9 0 -1| Re=R-9% [0 0 O 8 . 000 I
10 -1 2 10 0.2 1000
C3‘ 0 l —l O R1=R|+R3 0 1 0 0 C4=C4-2Cl O ] 0 0_
10 0 1 0| R=mRyer O 0 10 o0 0 1 of RCm)
00 1 0] R=Ry-R |0 0 0 0 0000

~. Ris fully reduced normal form. It has 3-non-zero rows. Hence, rank of 4
1s 3.

' (1 2 1 -3)
Example 6: Find the rank of the matrix 4 where 4 = LZ 4 3 IJ .
3 6 4 -

Solution: We apply the elementary operations on the matrix 4,

R, (say)
. R is fully reduced normal form. It has two-non-zero rows. Hence, rank of
Ais2.

Example 7: Reduce the matrix 4 to the fully reduced normal form where

2410
A=|1 2 0 3|
36 25

Solution: We apply the elementary operations on the matrix 4,

2410 1 20 3 1 20 3

4=11 2 0 3|—Pay]|2 4 1 of-H=f=2k 0 0 1 -6
Ry =R, - 3R,

9- 6 Vs 4 36 2 5 0 0 2 -4



2 ol =30 1 0 0 0] 1 0 00
LI L10 01 Ol=S20]0 0 0|=R,(say)
0 00 1, 0 010

. R is fully reduced normal form (and R has 3-non-zero rows, .. Rank of
41s3.)



