Theory of Matrices

Matrices arise in many situations of mathematics. In representing rotation
analytically, in solving systems of lineat equations, in the study of extrema of
functions of two or more variables and in many other ways matrices come up
as natural habitats of the domain of mathematics. So the study of matrices is
an indispensable component of any modern curriculum. In this chapter we
discuss the related concepts of matrices.

8.1 REAL AND COMPLEX MATRIX

Definition: A matrix is a rectangular array (i.e. arrangement) of objects.
The number of rows and the number of columns are called its dimensions.
The objects are called its entries. If the objects are real numbers, it is called a
real matrix; if the objects are complex numbers, it is called a complex matrix.
If the objects are polynomials then it is called a polynomial matrix. It is to be
noted that the entries themselves can be matrices also.

3 2 _;] is a matrix with 2 rows and 3 columns. It is
normally referred to as a 2 x 3-matrix, read as 2 by 3 matrix. By convention
the number of rows comes first followed by the number of columns.

The above matrix can be called an integral matrix if all the entries are integers.

For example, [

o |2+l 2x-1 AP ) , . _ .
€ matrix Ix+2 5 xA_p|is@pe ynomial matrix as the entries are

polynomials.

1 2 3
Of special significance are the matrices like [1, 2, 0], [ﬂ and [4 0 -1].
2 2 3

The first one has only one row and three columns. Such a matrix is called a
row matrix. The second one is likewise a column matirx having 2 rows and

lcolumn, The third one is a square matrix having the same number of rows as
the number of columns.
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Note dy, is the element which belongs to the 3" row and the 2™ column.
similarly, a;; is the element at the crossing of the i row and the 7 column.

Thus a square matrix 4 of order » should look like

a] 1 012 e a] n
ayy Gy .. ar,
_anl Apy - Gpy

The elements a,;, dyy, .-, @;» -+-» 4, are said to form the principal diagonal
of the matrix and the elements a,,, a,, _1; ..., @, are said to form its second
diagonal of the square matrix 4. The sum of the elements in the principal
diagonal is called the frace of 4 and is denoted by tr 4. Thus

I
™
5

trd= a tay,t.. ta,

P e R
Forthe matrix4 = |0 4 -1 ,t;A=2+4+2=8.
i W :

Definition: A matrix is called a zero matrix, if every element of it is zero.

ASig [g g g} is a zero mafrix of dimensions 2 x 3.
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A square matrix is called an identity matrix if all its principal diagonal elementg
are 1 and its non-diagonal elements are zeros.

1 0 0
Thus [1]. [l OJ‘ 0 1 O] are identity matrices of order I, 2 and 3
O 1o o 1
respectively.
A square matrix is called a diagonal matrix if all elements other thap the
principal diagonal elements are zero and at least one of the principal diagonal
elements is non-zero.

2: 0 0 2 0
Thus |0 0 0] is a diagonal matrix; so also [ 0 0} .
D0 3

Definition: Two matrices 4 and B are said to be equal if they have the same
dimensions and the corresponding elements are equal.

2o 31 12'0 3. & _ o
For example, [4 0 b}_[él 0 J impliesa=0,b=1,

A square matrix is called a scalar matrix if every non-principal diagonal
elements is zero and all principal diagonal elements are non-zero and equal.

30 0 50
Thus |0 3 0] is a scalar matrix but is not a scalar matrix.
0 -2
0 0.3
Note that the identity matrix is also a scalar matrix.

A square matrix is called an upper triangular if all the elements below the
principal diagonal are zero and at least one above the principal diagonal is
non-zero.

Note 4 = [a,j] is uppertriangular if a;= 0 for all i >

2 <G D
Clearly |0 4 3] is an upper triangular matrix.
0 0 -1

A square matrix is called a lower triangular matrix if all the elements
above the principal diagonal are zero and at least one below it is non-zero.

Note 4 = [a;] is lower triangular if a;=0foralli<j.

2 Qg

~Thus |5 1 O] isalower triangular matrix.
6 2 3
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\ squAre matrix is called symmetric if the
A the principal diagonal are eqy

K

cle | i
o . ments situated symmetrically
a1 ¢ 5
“11?1 ' 4 g
. square matrix which is al L'

asq SO, a Zero matrix ig symmetric.

NML‘
— [a..] 15 sym IX | -
Fhus A [a;] is symmetrix lfaﬁ a;, forall i and ;.
4 3 5§
4=13 2 -1]is '
jearly A symmetric, as the b ”
C 5 -1 7 clements a,, = a,, = 3,

"\ peing Symmet.rlcz:ll]y situated with respect to the principal diagonal.

¥\ square matrix 1s called skew symmetric if the elements situated
S),mmetrica.lly with respect .to t.he pri.ncipal diagonal have opposite signs but the
same magnitude and the.prlnmpal diagonal elements are zero. Thus a matrix A
is skew-symmetric if a; = — a;, for all i and ;.

= [U!‘,-]
0, 2 =3
20 S - ic si ul o
Clearly, is skew-symmetric since a,,= — a,, a;; = — ay,,
5 -3 0
0y =~ 913 and @;; = @y = ;3= 0.

" Note a square matrix which is also a zero matrix is skew symmetric.

54 MATRIX OPERATIONS

with matrices, we can perform a number of operations defined below:

Transposing: If 4 is an m x n-matrix, then its transpose is an n X m-matrix

obtained by converting rows into corresponding columns. The transpose of Ais
t e, gl ¥l

denoted by A'. Clearly, if 4 = [alj] mx o then A4 = [a;], .

2 4
Thus if 4= 2 ,then4’=|1 O
4 0 -2 3 -2

Note:(1) (4") = A.
(2) The tranpose of an upper triangular matrix is a lower triangular matrix.
(3) The transpose of a symmetric matrix is the matrix itself, i.e., S'=S
if § is symmetric.
(4) The trace of a square matrix remains invariant order transposition
Le.,tr(A") =tr(4).
(5) The transpose of an indentity matrix is the matrix itself.
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Addition: 1f 4 and B have the same dimensions, then the sum A + B is definey
as a matrix of the same dimensions obtained by adding the corresponding

elements. Thus, if 4 = [a;],, . ,, B= [6)m % then 4+ B =[a, + bl
. . .
. 8 23] ,_[3 2 -
For example, if4 = 40 5], B= [ | 3 2-,then

A+B=

[8+(-3) 2+2 3+(—1)]='5 4 2
| 441 043 5+2 IR

Observe that (1) 4 + B =B + A where 4 and B are real matrices,
(2Q)(A+B)=4"+B"

(3) A+ 0 =4 =0+ A where 0 is the zero matrix of the same dimensions of
those of 4.

Subtraction: If 4 and B are of the same dimensions, then 4 — B is a matrix of
the same dimensions, obtained by subtracting the elements of B from the
corresponding elements of 4.

Thus’ ifA — [a‘y]m x 1 B = [by]m X 1 then A '—B = [ay - bi]]m X n

PR 1 v O b M1
For exalnple,lfA—[4 5],3 [0 2},thenA B—[4 3].

Observe that (1) 4 — B # B — A.
(2)(4-BY=A'"-B"
(3)4A-0 = A where 0 is the zero matrix.

Scalar Multiplication: If real numbers are taken as scalar and A € R, then
the scalar multiplication A4 is a matrix of the same dimensions of that of A and
is obtained by multiplying each element of 4 by A. Thus, if 4 = [al.j]m « p» then
MM =[Aa

y‘]mxn

i |2 ‘L 3 14 2 6
Forexample,lfA—[O 4 2:|,then2A—[0 g 4].

Observe that (1) (4 + B) = A4 = AB where 4 and B are two matrices.
(2) A1) = AL,
(3) Every scalar matrix is of the form A/.

(4) The transpose of a skew-symmetric matrix is negative of the matrix,
ie., if T is skew-symmetric, 7/ =—T= (-1)T.
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of mportance is the following:

rom: [Every square matrix can be ex
,fwhich is symmetric and the other
c‘ 0

ot A be a square matrix,

pressed as the sum of two matrices,
skew-symmetric.

of: |
e we can write

As = 24

1

2

A=1(A+A’)+1(A A
2 bl

=8+ T, writing § = l(A+A’),T=—]-(A— A").

it now suffices to prove that § is symmetnc and T is skew-symmetric. To
is end, we observe

i il g L t 1 1

S'= [E(Awi )]’ - 5(A+A ) = 5(A’+A) = —2-(A+A’) =g,

So S is symmetric

gt = [l(A—A’)T - -4y =1y = Loy -1
2 2 A 2 '

So T is skew-symmetric.

Hence the proof.

L e 13 0y~ ;
aamplel.lfA—[2 e 3],3-—[1 ’ I],venfy

(i) (A+B)=4"+B (i) A-B)=4"-B

(iii) (34)' =34" (iv) (24+3B)'=24"'+3B
(v A+B=B+A.

lution: (i) and (ii) Here
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A"+ B =

Clearly, (4+B) =

(#17) Now, 34 =

(34)' =

Clearly,  (34)' =

(iv) Now, 24 + 3B =

(24 +3B)' =

Again, 24'+3B'=

Clearly, (24 +3B)' =

(v) Now B+A=

4 3 ad ' 9

I 1[,4'-B'=| 1 -3]|.

| 4 F'ii
+ B

and (A-B) =A'-B'

a[1 2] [3:-3 %
2 -1 3] |6 -3 9

3 6 I 2
3 -3[,34"=3|1 -1|=
6 9 2., 3

34",

101 27 408 0 1
2[2 | 3]*3[1 9 1]

Wi 24+90_3
4 -2 6/'|3 6 3

24"+ 3B,

r30—1+1 1 2
T 2 =172 =193

4

| i ol
3 1 4],evndentlyA+)E?—*!j>‘+A.
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ol 2: Fxpress the following Mattices

aml as the sum of a symmetric matrix

4 ckew .symmetric matrix:
aﬂl' ‘ ‘
) 4 "41123 [0 -43 ke
ol 2] 2 a ol W4 02 @1 2 4]

. 12,4
solmi(m! (i) Let 4 = [3 2}‘

1
Hence E(A +4')= 517 4} = §, say and

ey okl 0T
E(A—A) 211 0 =T, say

Clearly, A =8+ T, where § is symmetric and Tis skew-symmetric.

] 2.3 1 47
(ii) Let B = 4 5 6(.ThenB'=|2 5 8:|.
7
<
5
|

: (206 10
Hence —(B+B')=—=}6 10 14| =
2 10 14 18

| 1 0 -2 -4 0 -1 -2
and —(B-B')=—=|2 0 -2|=|1 0 -1|=0,say.
2 2T iginyll Wt et g
Clearly B = P + Q, where P is symmetric and Q is skew-symmetric.

0 -4 3 0 4 -3
(fi)LetC=| 4 0 2|.ThenC'=|-4 0 -2|.

-3 =2 10 3 A0

o O O

] (0 0 0
Hence —(C+C') = 0 0| =U,say.
. 00 0
-8
0

—

1 | 0 6 0 -4 3
and —(C-CcH == 8 41=1 4 0 2|=V,say.
2 2|6 -4 0] [-3 -2 0

Clearly, C = U + V, where U is symmetric and ¥ is skew-symmetric.
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5 -1 § il
(MLetD=|-1 2 4|. ThenD'=|-1 2 4/
5 4 1] 5 4 1
: [ 6 -210 3 -1 §
Hence —(D+D')==|-2 4 8|=(-1 2 4|=§ gy
4 2110 8 2 54 .1
; o 00] 000
—(D-D')==|0 0 0[=|0 0 O|=T,say,
i 210 0 0] [0 00

Clearly, D = S+ T, where S is symmetric, and T is skew-symmetric,

Example 3: Given an example of a matrix which is
(/) symmetric but not skew-symmetric
(ii) skew-symmetric but not symmetric
(iii) both symmetric and skew-symmetric
(iv) neither symmetric nor skew-symmetric.
Solution:

3 0 35 0 0 0 2 7 4
(i) 2| @Giy|-3 0 4| (i)[0°0 O (w|4 1 3
5 -5 -4 0 0 00 6 2 3

Product of Matrices: If 4 and B are matrix, the product 4B is defined only
when the number of columns of 4 equals the number of rows of B. This condition
is called the conformability condition for multiplication. Thus, if 4 and B are
conformable for the product 4B, then the product is a matrix obtained by the
following rule:

W = N
N O -

n
If4A= [a;j]m x n B= [bjk]n x p then AB = [clk] where cik — Zlay bjk
j=

For example, if

oW 2 1 3 4

AB and clearly 4B has the dimensions 2 x 3.

2 1 3 Ll B
A=[ ],B'—' 2 -1 2|, AandB are conformable for the product

“
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24 1X243x1 201 4 1
ax140x242x] 4

7 10 14
"6 10 8 [
observe that to obtain the element Cyy, the 2

ave been multiplied by coordinate-wise and th

AB =

Now ) +3x3 2!0+172+374]

X1+ 0x(<1) 4 2x3 40+ 0x2+ 274

row of 4 and 3" column of B

bia: S y en added e d
aken). Similarly, other entries of C are calculated. ibnd sy

en |
bCLObscn-'e that for any three matrices 4 s B and C and a scalar A:
(1) AB # BA. [Non-commutativity)
@) AB+C)=AB=AC [Left Distributivity)
(3) MAB) = (AM)B = A(AB)  [Homogeneity]
@ A+ B)C=AC+ BC [Right Distributivity]

5) AB=BA & A'B'=B'A’

6) Al=14= A [/dentity Property]
7) (AB)C = A(BC) [Associativity]

§) (4B)' = B'4".

Example 1: If 4 and B be two symmetric matrices of the same order, then
prove that

(

(
(
(

(i) A+ B is symmetric.
(ify AB is symmetric if and only if AB = BA.
Solution: Since A4 and B are symmetric matrices, then 4’ = 4, B'= B
(i) Now (4 +B)=A"+B'=A+B
Hence 4 + B is symmetric.
(i) Let AB be symmetric, then (4B)' = AB
AB = (AB)' = B'A' = BA
Conversely, let AB = BA, then (4B)' = B'A'=BA =AB
Hence, AB is symmetric.
Example 2: If 4 and B be commuting matrices, then prove that 4 and B' commute.
Solution: Since 4 and B commute, then AB = BA.
Now A'B' = (BAY =(4B)' (' 4B= BA)
= B4

{
Hence, 4 and B’ commute.
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Example 3: 1f 4 = _: (I)] _then prove that A” = 24 + 1, = 0. Hence fing A%

oni Nowat=| 1 O} 100 1 9
Solution: Now A —(—l I)[—l l] [—2 1]
; (10 1 0),(1 0
A —2.4+12—[_2 J—Z(_l 1)*[0 1)'
1 0)_(2 0}, (10
-2 1) (-2 2) \0 1

——

)

and so on.
so_( 10
Hence, A [_50 J.
123 4 21 0 i
Exampled: (i)If4=|2 0 1 2|andB=|3 2 1|,thenfind4BorBA4
3105 10" 1

if they exist.

(if) If A and B are square matrices of the same order, does the equality
(A+B)*x(A-B)= A% - B? hold good? Give reasons.

Solution: (/) Since 4 is a 3 x 4 matrix and B is a 3 x 3 matrix, then the number
of columns of A # number of rows of B.

Hence AB is not defined.

But the number of columns of B = number of rows of 4.
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L pA is defined.

L.nfl
; 21 0Y(1 2 3 4
10 1){3 1 ¢

(2+2+0 4+0+0
=1344%3 64041}

9+
140435 B ayyyion 5 0 124448

6+140 84240
3+0+0 4+0+5]

(4 4 7 10
=(10 7 11 21|,
(4 3 3 9

i) Now (4 + B) (A= B)=A(A-B)+ B4 - By= 44— 4B + 4 — BB
=A4*-AB+ B4 - B2

i AB = BA, then only the equality (4 + B) (A - B) = A2 — B? holds good
otherwise not.

prample 5:(i)If4,Band C arg matrices of appropriate order with 4B = AC,
ihen does it imply that B = C? Give an example in support of your conclusion.

(i) If 4, B and C are three matrices of order » such that 4B = I and BC =
| then prove that 4 = C.

solution: (i) If 4, B and C three matrices of appropriate order with 4B = AC,
then it does not necessarily imply that B = C.

O 1 410
Forexample,letA=12 1 3|, B=|2 11 1
4 1 -

-3 -1 9 .12
2 1 -1 =2
and C=13 -2 -1 -1
2 -5 -1 0
1 =3 2y (1. 410 -3 30 1
Now A=y 2oy i3 pli2e b 1, 1= 1 157Q 5
v B RN 8 o R A -3 11 0 -5

A Ly T R T e B R
o AC={2) 153 3 =2i=0 A |=] 1 13 0 =5
44-3 (SN2 =51 =l Ol \rd U111 G, =S

L AB = AC But B #C.
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(i) Now AB=1
(4B)C = ()C

= ABC)=C

= Al =C

A=C

U

5. 3
1. Ifd= , B=
4 i

Malhemaﬂc.v.f

[ matrix product is associatiy
eand] C= C]

['-' Aln - A]
EXERCISES

1 6 C_—12
18 T 0 16

Find
(i) 34+2B (ii) 2(4+B)-5C
(iii) A+ B’ (iv) (24-3B)'+2C
(v) (24)' 24 (vi) (A+BY-4'-p
{2 4 -1 < i b
2. 1f4=2 -1|, B=]2 O, c=|* cad
0 4 g 1 2
Then verify the following:
() (A-B)'=A'-B' (i) (A+B)=A"+B E

(iif) (-34)'=-34"
(v) A+B=B+4

3. IEd=

Then verify that
(i) AB # BA

(iii) AB+C)=A4AB+ AC

cosf

sin0

4. IfA(0)= [

1 ¢
3 4 87

—sinf

] , prove that 4(6) A(0) = A(¢) 4 (8) = A(6 + ¢).
cosf

(iv) (24 +3B)'=24"'+ 3B’
(vi) (A+B)+C=4+(B+O).

2 0 -2, 0
3 €= 1 3

(i) A (BC)=(4B)C
(iv) (4B) =B'A" .

5. Express the following matrices as the sum of two matrices one of which
is symmetric and the other skew-symmetric:

T T | 2 1.5
(i) [_,', _ﬂ Gy |0 1 2|, Gip |1 0 4]
38 1 5 4 3
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)

ﬂﬂ‘lv“
(3 —4)

U} ”A - \I _1)

(K 1) (
. dig K® n-1
i 114 o K},show that 4" < nk
L
(i) rind the matrix 4 if
’ r 17 8
. S
(i) Find all non-null matrices
a 0
b ¢
- a 0] 00
t —
e D T
"0, 4 3]
@) IfA= [ 1%+3{ =3 ,thenprovethatA2=I3.
-1 A A
(-1 1 -] |
(iv) IfA=| 3 =3 3|, then prove that 42= 4.
L [ 5 5...
-1 1 -1]
(v) If4=| 3 =3 3|, then prove that 42 = 0.
L 5 -
i 1 1 L co'st s’lntj|
- | —sint  cost

then show that A" =

[ cosnt sin m‘]

—sinnt cosnt

(i) If r =[0 i]
i 0

Then compute 4” if (i) n is even, (ii) n is odd.

, prove that 47 - [ 1+ 2n ~4n
. \n -2
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9. (i) Find the values of a, b, ¢, d if the matrices

a b 11
. it and 1 are commutative,

q \2
(@) Ifd= [—l l] , then prove that (4 — 21,) (A - 3]2) = (.

cos cos ¢sin 2 .
i) lfA={ ¢ .¢2 ¢J and B—| SV cosysiny
cos¢sing  sin” ¢ cos ysin gine v
then prove that 4B = 0 if ¢ and y differ by an odd multiple of 7/
FHd 9 1 6. 5%
(IV) If2A+B=|5 4 3|and4-2B= 5 P | ,thenprove
1 1 4 AR ) B
1 2 3 Q.2 =]
that A=|3 2 l|landB=|-F"' 0 ]
0 02 1§71 0.0
P 2 3
(v) If4=|3 -2 1|, then prove that 43 — 234 — 4013 =0
44 .21
2.0 1
(viy If A= |2 1 3| and f(tr) = #* — 5¢ + 6, then prove that
1 -1 0
1 -1 -3
Fey="1 21 . <1 =10
-5 4 4
5 4 -2
(viiy IfA=| 4 5 -2/, then prove that 4 — 24 + 10 I, = 0.
-2 -2 2
10. If 4 is symmetric or skew-symmetric, prove that
(i) A?is symmetric (i) AA"= A'A.
11. If A and B are both symmetric or skew-symmetric of the same order and
AB = BA, then show that 4B is symmetric.
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, pind all matrices which commute With the Matrix
L

S <2|°

3

o O

¢ a solution of the equation 42 — 54 1 7, _ 0

¢how that the matrix

pind all scalar matrices of order 2 which satig
cquations:

(0 4254+ TT=0 () A2~4=),

fy the following matrix

. Show that for all values of a, b, ¢, d, the following matrices commute:

a b
A=[ ] and B=[ i d} |
—b a -d ¢

. If AB = — BA, the matrices 4 and B are said to be anti-commutative.
Show that each of the matrices

] 0 —i
il 2 L
P_[l 0]’ Q_L 0]’ R_[O -1}
where i* = —1, anticommutes with the others. These matrices are called
Pauli spin matrices used in quantum mechanics.

Answers
T8 21 i b g e 43 B
9 1o 1} i e 48} |10 1]
" =l 15 o 0 fo o
i Vi
W 1 12}_ ™ 1o 0} o o 0}
[, 5] e EE el B, s
0 1
. () 2{ }(f;’)—l 1 20«1 0 o
g i Lk 0 2. @i T Qe
il .
(21 % 0 0 0
Wiy [1 0 4]+|0 0 0
54 3| o0 0
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