Applications of
Definite Integral

41 EVALUATION OF VOLUMES AND SURFACE AREAS
OF SOLIDS OF REVOLUTION

Ifa curve not perpendicular to the x-axis is revolved about the x-axis, it generates
a surface of revolution. If the curve is finite, the area of the surface of revolution
thus generated can be evaluated and also the volume of the region enclosed by
this surface can be evaluated. Let y =f(x) describe the curve bounded between
x = x, and x = x, (see figure).

Then the total volume of the solid of revolution

= nLZZ yzdx
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The total surface area of this solid of revolution

2
= ZRIx; Y41+ (%) dx. [Cartesian Form]

If, instead of the x-axis, the curve x = g(y), not parallel to the x-axis, is
revolved round the y-axis, the corresponding volume and surface area of the
solid of revolution will be given by

Volume = njy' x*dy
Yo

2
Surface area = anj] x |1+ [?J dy [Cartesian Form]
0 b4

where the end points 4 and B are (x,;, y,) and (x,, y,) respectively.
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if the curve is given in polar coord;

nate sygy -
inite curve are 44(’]. 9') and B(,-2 ystem by r = £(0) and the ends of

2 0
.},2d‘, - nI 2’_2
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Volume = &t j

0

sin” 0 d(r cos )
%
qurface area = 21t_[9l rsme.m
I the curve is given in the parametric form
x =) and y = (1), then

Volume=V=mn J.: Lo(1)]? f'(t)dr

t dx 2 2.
Surface = S = 21t_[,|2 \/[Et_] ¥ [%‘t_}] dt

where and ¢, are values corresponding to x = g and x = b,

Rotation about Any Line in the Plane: If the curve DSRC be revolved

shout any line AB in its plane, and PORS be the infinitely small strip which is
perpendicular to 4B, then ‘

4

C
S

"
Y

Volume = ¥ = J' n(SP)* PQ

- j’ n(SP)*d(AP)

where integration extends from A4 to B.
The surface area is given by

Surface = § = 2| PS . dS.
Example 1: Find the volume and surface area of the sphere generated by the
evolution of the circle x? + y* = a* about the x-axis. ‘
Solution: Let the quadrant OAB be rotated about OX. The volume described

will be that of a hemisphere, we get
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V=2 x "R
njoy dx
= 2n| (a® -x*)dx
3
- 2‘]‘[ azx_i_ = ina3
\_ 3 3

2 2 2+x2 2
]+(ﬂ] =1+x_=y 2 =a—2
dx 2

y ¥ ¥

Since X +)? = &, 2x+2yﬂ=0=>§’_ <4
dx dx

)
~. Surface area, S= 2 .215_[0 y 1+(%] dx

a a
= 4‘EIO y;dx = 4nd’.
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Example 2: Find the surface area of the surface generated by revolving about
the y-axis the part of the astroid x** + y** = a?”, that lies in the first quadrant.

Solution: The parametric equation of the astroid is

Xx=acos 0
y=asin’0
dx
Eﬁ =—3g cos® 0 sin O
dy

-CE =34 sin> O cos O
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_3a cos? 0 sin § _ cos®
3asin? @ cos O sin @

2
S= Zn'[:jz % 1+(%) dy

T2
= ZRIO a cos® § cosec 6 . (3asin? O cos 0)do

Now

=_—cot0

& &

2
= 6a2n_[0 cos* 0sin 0 d0, Let cos®@ =z, —sin® d0 = dz

1 » 6a’n
= 6a21t_[ 2*dz = 6a’n| 2| =
0 5 ! 5
Example 3: Find the volume and area of the surface generated by revolving

the parabola y* = 4ax about the x-axis bounded by the section x = a.
Solution:
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Since y? = dax, 21v—c£E =4a
4 C Yo
or  _ 2 - _2a _ ‘/E.
@ y  2Jax . Vx

Hence, the required volume

= njoayzdx 2= nJ.{?4axdx

2
d
- 4a1r-5~ = 2na® cubic units

The required surface area
= 2%y 14 (2
rc_[o Vill+ c_ix_) dx

= 2nj0“J4ax {2t .
X

a 8
= 275_[0 va+xdx = 3‘75 {(Za)m—am}

8
= 3 (V2 -na*? $q. units
Example 4: Find the volume and surface area of the solid of revolution
generated by revolving the parabola ¥* = 4ax bounded by the lotus rectum

about its tangent at the vertex.
Solution:

(a, 2a)

Since the y-axis is the tangent to the parabola at the vertex, the parabola is
rotated about the y-axis.
Hence, the required volume
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The required area of the surface

dy 2a dx . 2a
= Zﬁj_zax1’l+(—djj dy = 27: y 1’]4‘;‘1)}

Loyl
Suira _[_mtan 0 sec’ 0 do, putting y = 2a tan@

= 1a’ 3v2 —In (V2 +1)} .

Example 5: If the cardioide » = a(1 —cos 0) is rotated about the initial line,
find the volume and the area of the solid of revolution generated.

Solution:

2a° O

We first observe that the curve is symmetric with respect to the initial line.
So the solid of revolution generated by revolving a cardioide is same as the
one generated by the upper half of the cardioide with end points given by (0, 0)
and (2a, T).

Hence, the required volume
= n.[yzdx = njrz sin” 0 d(r cos0)

= na’ I(l —cos0)? sin? 6.d(a(l - cos 0) cos 0)

Il

ch:x?’_.‘o(l—cos{-))2 sin? O (—sin @ + 25sin § cos 8) dO
n

[ x increases as O diminishes from 7t to 0]

= naB“[l](l—t)2 (l—tz)(lv?_t)dt, putting ¢ = cos 0.

8 : .
= 5 na’ cubic units,
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Also the required surface area

= ZnIy ds = 2nIr sin OV dr? +r2do?

= 2n[ a(1- cos6) sin01(a sin @ d0)” +a’ (1-cos6)” dp?

= 2na’ IJ(I-—COSO) sin0/2(1— cos0) dO

2V2 na? Ijr‘m dt, putting /= 1 —C08 0

3Z' » .
= —5— na” sq. units.

4.2 PAPPUS’ THEOREM -

Ifa plane closed curve is rotated through an angle about a straight line lying in
its plane and not intersecting the curve, then the area of the surface thus
generated and its volume can be evaluated by Pappus’ theorem. The theorem
1s stated as follows:

Theorem:

(i) The volume of the solid generated by revolving a plane closed curve
about an axis in the plane, not intersecting the curve, is equal to the
product of the area enclosed by the curve and the length of the arc
described by the centroid of the area.

(i) The surface area of the solid is equal to the product of the perimeter of
the curve and the length of the arc described by the centroid of the
perimeter.

Example 6: Find the volume of the solid formed by revolving the ellipse
x =acos 0, y = b sin 0 about the line x = 2a.
Solution:

Since the centre of the ellipse is also the centroid of the area enclosed by
the ellipse, by Pappus theorem.




”
It "

il i

) ﬂfpcﬁni!c' Integral
s ;

-
- -

volume = Ttab x n(2a)?
= 4n%a’b cubic units,
. Find the volume generat
e 7: Fin generated by th .
:}:undcd by the loop of the curve 2 = ',2 (; ie;’;’hltlon about x-axis the
q: We see thaty =0 forx =0, 2. The ‘

fadf
'.1‘1‘:l
Curve cuts the x-axis at 0(0, 0)

§
(0l

: <y <2,y has two equal and o ; _
when 0<% o 285 Pposite finite valy
_ed within interval. Which is symmetric about x-axig es. Thus the loop

whenx< 0, y, has two equal and opposite values, th
nitude 88 X —» — 99,
in Il'lﬂ.t-:-nl

|
ese values of y increase

ny

The required volume is

V=1t0y2dx

2,
=n| x°(2-x)dx
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Example 8: Find the volume of the solid generated by revolving the cycloid,
x=a(® +sin 6), y = a(l + cos 0),
Solution: Now x =a(8 +sin ), y = a(l + cos 0)
The extreme values of x are given by 8 = + 1,
ie. .\'=ﬂ:an['."():a(l+co59)=>cosez_l:ezin]
dx = a(l + cos 0) dO
The required volume

an

S
V=rn TIyzafx = Tr_l'_jto:12(1+cosﬁ)2 a(l + cos0)do

—da

= na* [ (1+¢c0s6)’d0 = ng? [ @cos?0r2)de
-7

-n

i 3m3r cosﬁ—g—de

= 161rar3’j(;t cos8 2 4o J: f(x)dx = 2Ef(x)dx

when f(x) is even function ' ?1

3 T2 e _ )
= 16na ><2‘|‘0 cos ¢d¢when§=¢

(SR

- T
T
i n—1
ZTJ"_Z where

/2 i T2 T
LJ,,=I0 cos” 0.db, Jo = | do ==

-~

=5ma’.
Example 9: Find the volume of the solid generated by revolving the pz.u't of jthe
parabola x* =4ay, a> 0, between the ordinatesy =0 and y =a about its axis.

Solution: The required volume bounded by y =0,y =a is given by
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a : - £
a nj.o 4“)"{" 41:¢:[Lf
)

2
=21’ cubic units,

2
10: The smaller segment of the - B
fumll" ellipse . * ‘,;3!‘ =1, cut off by the
VX =1 revolves co
v L AT - m ®
hord E+ b Pletely about this chord. Find the volume
,anrﬂlcd'

lipse whose coordinates are (a cos @, 4 sin 0). The length of the perpendicular
¥
ab in 6 + _
- ﬂ {sinO+cos0-1}. Let 4 pe the fixed point on the axis of
(

rts\u}ution AB, then

AM? = AP? - PM?

2,2
= {(_aoose+a)2+(bsin9)2}— g (sin © + cos 6 — 1)
: a® + b?
= a’(1 —cos 6)2+ b2 sin? 9
a*b?
5w [(1=cos 8)* +sin? -2 5in 6 (1  cos B)]
a

_ a'(1-cos8)? + b* sin? 0 + 2022 sin @ (1-cos®)
a’ +b?
_ [a*(1 - cos8) + b2 sin O]
a* + b?
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a(1 - cos0) + b% sin®
AM =
\Ia?‘ +b?
a? sin 6 + b? cos

do

S \faz +ib

Thus, the required volume
- nI(PM )? d(AM) [range being throughout 4B

2 g2h? )
= n_[ _ﬂ_(sin9+cose_1)2 . a sin@ + p2 o0
0 ¥ B \/ - s

a’ +

g _MZEZ_(E_E)
\faz o

Example 11: Show that the volume of the solid produced by the revolution of

3 2

the loop of the curve yz(a +x)= xz(a —x) about the x-axis is 21’ (log 22 /3)
2 —
Solution: Now y2 = _x_g_x_)
a+x
y -
"'
o/ a ek

». y=0forx=0, a. The curve cuts the x-axis at 4(a, 0) and O(0, 0).

When x > a, y is imaginary.

When 0 < x < a, then y has two equal and opposite values. Thus a loop is
formed which is symmetric about the x-axis.

.. The required volume is
5 _
ra ax (a e x)
4 0 ¥ jO a+x

. 3
=7 0"{_x2 +2ax - 2a* + s }dx
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-], 2 2
3 tax® - 24 X+203 log(a+1)I

=na [~ 1/3 + |

=2+2log2a-1log a
= 1’ (2 log 2 - 473, "8
2na’ (log 2 - 173),

gxample 12: Show that the surface areq ang the volume of the solid generated

. o
by the revolution about the x-axis of the loop of the curve x = /2, y=t- % P

; 3
re respectively 3m and i

Solution: Since x = I and y=¢_ lts

2
¢ tz(l—-ltz)- = [ LY
b 4 3 1- EI
Now y = O.f(?l‘ = 0, 3. The curve cuts the x-axis at A(3, 0) and O(0, 0).
When x> 3, y 1S imaginary. When 0 <x <3, y has two equal and opposite finite

values. Thus, the loop is formed within intery

. al which is symmetric about
x-axis and for x <0, y has two equal and opposite finite values. This value of
) increases as X — o,

—e

The required volume is

3 3 2
V = n_foyzdx = nox[l——;‘xj dx

5 2
0x[9-—6x+x ]dx

Ll T
9| 2 3 4 b

b

E
9
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by = %[(3 - x)? =2x(3 - x)]

- %(3—x)[3—x-2x]

(3-x)(1-x)
3

_lig-na-x» =
9

2 R
1+[‘—’3—’} g B8 Cow

dx 94 y*
N . Lt
36x(3 — x)°
" Al xff _ Ax+1-2x+x
4x 4x
C(1+x)?
© 4x

The required surface area
2
3 dy
— —_— dx
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3: Find the volum ' evolving, about the
g 13: ¢ of the s¢)iq Ing
» generated by
(he areas bounded by the curve Vr W iprarany

. J_ by Ja  x “0,p=0.
on: Since VX # \ﬁ = Ja isa

Parabola lying i
g the axes at (a, 0), (0, a). Then Suired gollrl:n:: ::le first quadrant and

) - ol ’2 = a
J RIOJ dx-_n"(\/;“'\/;]‘dx

of #E
", n.[o (“ o

S
v-an!

goluti
rouchin

+ 6arx - 442 W2 +x2)dx

=na’ (4-8/3-8/5+ 1/3) = M3[60—40—24+ 5
15
= na’ x -1_
15
Example 14: Find the volume and area of the curve
evolution formed by revolving the parabola e
hounded by the section x = x5,

d surface of a paraboloid of
= 4ax about the x-axis and

solution: The required volume is given by

X 2
V=‘n:_[0 yzdx= J.:l4axdx=4mx 3
2 2
1

. dy 4a 2a 2a JE
Now —— e S e = = 5
dx 2y 'y 4 x

The required surface area is given by

0
= 2ma x

2
S=27rj.0'y 1+(%J dx_-_zn‘l‘:' fAax 1 2%
X

= 211'2\/5_[:] x+adx = 47{\/EX'§—(I+0)3Q

1
0

= —mn+a [(a+x1)3’2—a3’2]
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Example 15: Find the volume Vof a solid bounded by x =0,y =0, z= () and
x+y+z=1|,
Solution: In this case, = varies from 0 to 1-x-p, then y varies from 0 to |-y and

then 1 varies from 0 to 1.
l-x-y

v = ([[ dvdye: = [ 0]"_]‘ dz dy d

-X

- L:O.-l_n[ |-x-y dydx = j: (Jy 0(l X=y)dydx

,‘. =

- 2 1-x
- Il (1--x)y - -}Lz—} dx

A 0

1 2 (l"X)z ! l ¢l
L:o{(l_x) A jldx__:):-[o(lﬁx)zdx

[ 1 3

=lj [1—2x+x2]dx=-—x2—x2+£— _ :

270 2 3 .
0 “
l |

g 1-1+ l} Al .

2 31 b
EXERCISES
1. Find the surface of revolution generated by the curve y =x3,0<x<1/2,

about x-axis.

2. Find the volume and the area of surface of revolution of the solid obtained
by revolving the enclosed by the curve y = Jx andthe linesx=1,x=4
about x-axis.

3. Find the volume of the solid generated by the revolution of the cardioide
r=a (1 + cos 8) about the initial line.

4. Show that the curved surface and volume of the catenoid formed by the

revolution, about x-axis, of the area bounded by the catenary y = —;-

(e"’“ + ¢9), the y-axis, the x-axis and an ordinate are respectively

n(sy + ax) and -nzﬁ(sy + ax), s being the length of the arc between

(0, @) and (x, ).
5. Find the volumes of the solids generated by revolving, about the x-axis,
the area bounded by the curve y = 5x — x* and lines x =0 and x = 5.



la* + _1’2 /b = | about

. Find the area of surface of revol

11.

12.
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Find the volume of ¢jq generated by revolving = a” cos 20 about the
line ©=T/2,

Find the volume of the gqji4 generated by revolving the ellipse

X-axis,

Find the volume of whe the loop of the curve y* = x(2x - 1)? revolves
about x-axis,

Find the volume of the goiq by the revolution of the plane area bounded
by ,1-'2 =9y and y = 3x aboyt X-axis.

. ution generated by the following region
about y-axis:

(/) the region enclosed by 2y=x+1, 1<x<3
(if) the region enclosed by * = 3, y=0andy=1.

Find the volume of the golig generated by the curve y? = x%(1 - x%)
rotated about the y-axis,

Find the volume formed b

y the revolution of loop y*(a + x) = x*(3a-x)
about the x-axis.

Answers
: l%% 2. %E_z_ (173253 3, §m3
5. %ﬁn | 6. -f% 7 (‘_;_ ot
8. 2 9. 5”5’5
10. (f)—g(ﬁ ~1) (if)35’;‘/§ n ©

. ma® (8 log 2 - 3)



