Improper Integrals

3.4 INTRODUCTION

Definite integration has many limitations. First, for definite integration the
integrand has to be a bounded function over the domain of integration. Second,
the limits of integration have to be real numbers, i.e., the domain of integration
has to be a bounded interval of R. Attempts to define integration over
unbounded intervals and also to unbounded integrands have been successful.
Such integrals are known as improper integrals.

3.2 IMPROPER INTEGRAL OF TYPE ONE

All improper integrals are divided into two types, the first of which has unbounded
intervals as its range of integration. We have three cases here:

1: ]:f(x)dx

This integral is defined as

X X
Jim [ f(x) dx, provided the integral [ f(x) d is defined for every X >a.
o a . a

Example 1: Evaluate I e " dx
0
Solution: By definition,

oo X
Ie—xdx = lim Ie’xdx
0 0
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b
I J(x)dx.

This integral is defined as hm I S(x) dx , provided I S (x) dx is defined
forevery Y< b,

0
Example 2: Evaluate I 2" dx

— o0

0 0
Solution: By definition _[ 2Ydx= lim [2%dx = [im [ 2 ]0
wind Y

Y5 -oo

3. T f(x)dx.

‘This integral is defined as I f(x)dx+ I f(x) dx when meR. So if the

— 00

integrals f f(x) dx and I f(x) dx are defined as per above deﬁmtlon then

—0o0

the above integral is deﬁned. Thus by definition

oo m X
[ rGyde = tim [fa)yde+ lim [ f£(x)de where Y<m <X
5Ed Y—>—oo Y X —>eo -
m X
provided J. f(x) dx and I f(x) dx exist.
Y m

b b
Remarks: For definite integral, if J‘ f(x) dx is defined, we say J. f(x) dx exists
a

but for improper integral if any of the improper integrals is defined, we say that
it converges.
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ample 3: Evaluate I &
| 4 x?
plution: By definition,
dx g 1 e Bdes. R )
= |im + lim 3
o |+ x fym 15 Xomilekx

= l:m [tan™ x]y+ lim [tan™' X]X

Y- X =00

= lim [0-tan7¥]+ Jim [tan”¥ ~0]

m). 7w
=—-=|+==mn
[5)+;

.3 IMPROPER INTEGRAL OF TYPE TWO

ere also there are three possible cases:

. _[ f(x) dx, f(x) unbgunded only at a.
a
This improper integral is defined as

b b
Jroa = tim [ foar,

a+g

b
provided the integrals. J. f(x) dx is defined for € > 0.

a+g

1
Example 1: Evaluate _[
]

Solution: By definition

73
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b
a. I f(x)dx, f(x) unbounded only at b

This integral is defined as
el

b-¢ b=
E,_li},“w { f(x) dx, provided I £(x) dx exists.
a

0 dx
Example 2: Evaluate I :
0 - x2

1

Solution: Clearly the integrand \/_1.7 is unbounded only at x = 1. S0 by
L=

definition,

. [ o i I~
= lim lsin "xly
g0+

e bl
504 1 ( ) 2

b
3. I f(x) dx, f(x) unbounded only at c wherea <c<b
a
c b
This integral is defined as the sum [ f(x) dx + [ f(x) dx providedthe integrals
a c

c b ”
I f(x) dx and I f(x) dx are defined as per above definition. Thus _[ f(x)dx
a c 4

£—0+ e—>0+

c—€ b
~ gim [ @+ lim [ fO).
&
x2-

1
Example 3: Evaluate I
|

1
Solution: The integrand —5 is unbounded at 0 where —1<0 < 1.
¥ ‘
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By definition, we get

i

0-¢ l | |
lim ~ dr+ lim ~ dx
12

€50+ | 12 £0 +

|5

g [ I - g I I
= lim ~-—] + lim |-~
€0+l x)oy  es0+|l x)
o 4 1
N 'hm =<1+ lim | = =1 |=0co,
€0+\ € e-0+| €
1

Hence I x—z- does not converge, i.e., is not defined.
-

b
efinition: The improper integral j J(x) dx having unboundedness of 1 (x)

at c where @ < ¢ < b is said to have the Cauchy's principal value if

c—¢&

lim I
e—0+
a

b
f(x)dx+ tim j f(x) dx exists finitely.
£—-0+

cte

1
Example 4: Find the Cauchy’s principal value of I E;— if it exists.
-1 X

Solution: Clearly —13— is unbounded at 0 where -1 <0 < 1.
X

Now Cauchy's principal value
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3.4 BETA AND GAMMA FUNCTIONS

We begin with the gamma function.

3.4.1 The Gamma Function I'(n)

The gamma function is defined as follows:
, A= e*x"Vdx, n>0

.

Now we write,
1 oo
I'(n) = Ie—x x"V dx + I e* "
Al 1
We note that if n < 1, then 0 is a point of infinite discontinuity and hence

1 .
Ie"‘x"’_1 dx is an improper integral having the integrand unbounded at zero.
0

We, therefore, test convergence at zero when n < 1.

1
xl—n

Define f(x) = ¢ *x" ! and g(x) =

Clearly, £ 20, g=0forallxe (0,1)and lim /& = lim e* =1

x>0+ g(x) x—-0+

1 &
Hence, J.e‘xx”‘1 dx converges, since I converges for n > 0.
0 ' 0

Next, we test convergence of Ie‘x 271
1

Let ¢p(x)= Lz’ then ¢(x) > 0 for all x > 1.
x

lim ——== lim
x——)ooq)(x) x—e e*

n+l
S () X -0 foralln.

[==] (=]
1
Therefore, Ie‘xx”“' dx converges as _[;Z—dx converges.
1 1

Combining, we get Ie‘x "1 dx is convergent for n> 0.
0




N R SRR -

sorals
poper IMVORTY 7

osition 12 I})=1 /

 rom the definition of gamma function, we get

e 'x dr:J‘e"-tdxz lim le " dx
0 A _)"JO

()=

S Sy,

= |lim I:-—e"«\']/' li [ -
= lim |l1-¢ A]:)
A oo () A 3 ob

proposition 2: T + 1) = n T'(n) M
erom the definition of gamma function, we get
A

Intl)= _[e_xx"dx = lim J'e"‘x"dx
0

A— oo

A

A—> oo

= lim l:—e'xx”
0

y
+n _[ e Fx"ldy } [Integrating by parts]
0

A

= lim [-e™4"]+n lim [exm1 g
A—oo Aﬁmo

(=]

=0+ n_l‘e'"xx"“I dx=nT(n)
0

I’(n)=l“(n~l+1)=(n—l)F(n—1)
=m-1DIn-2+1)
=(n-1)(n-2)I'(n-2)
=m-1D)(n-2)T(n-3+1)
=m-1)(n-2)(n-3)T(n-3)

------------------------------------------

------------------------------------------

=(m-1)(n-1)@m-3)..32.1T(1)
=(m-1)(n-2)(n-3)..3.2.1

= [n=1

“ Tt )= nln—1=|n v
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b
Proposition 3: For any a > 0, J' —ax =l gy = (n) IV
G'.
x|0|ee
Let y = ax, then dy = a dx and :

y[0|ee
r - n—1 1
Ie‘m'x"“dx= Ie‘y yn_l . nJ‘ yyn=l gy = F(n)
0 0 a a‘ a 0

Proposition 4: For 0 <m < 1, I'(m) I'(1 — m) = ® cosec mm.

3.4.2 The Beta Function B(m, n)
The Beta function is defined as follows:

|
B(m, n) -—*‘J‘x""l(l—Jt:)""1 dx,m,n>0.

We note that if m > 1, n > 1, the beta function is a proper integral but if
m < 1, zero is a point of infinite discontinuity and if #» < 1, one is a point of
infinite discontinuity.

Letm < 1,n <1, then we write

1 12 1
Ix”"l(l—x)”'l dx = _fx”"l(l—x)”‘l dx + _[x""'“‘(l-x)"‘1 dx
0 2
V2

To test the convergence of f xm~1(1-x)"1ax at x = 0, we take
0

fO)=x""11-x"" 1andg_e,'(x)— l —, we observe that />0, g >0 forall

X € (0,1) and lim —f—(—)= lim (l—x)""l =1
v, x>0+ g(x) x-0+
12

Hence I m=1(1-x)""!dx converges as I

dx converges form >0

Next, we test the convergence of

I
fx'”"(l—x)”" dx atx=1,
12

‘




W e g 4 A e

’m{“'u ! f"“'g?'ﬂh ™

we take f(x) = xm=1()_ yyn-) I

Here 1 B(R) e e
(l X)l ﬂ
('Icany_[ >0,g>0forallxe [1/2, 1)and lim J(x) = lim 2™ ' =1
31~ g(x) ro1-
|
-

chCC I.I‘m (I—X)" dx is convergem since IJ;_ s

12 i (1=5) "N

onvergent fof w24
Ct

Combining, we get I-"m "(1-x)""1dx is convergent form > 0,n> 0.

PrOPOSiﬁon lwms n) =B(n, m)

1

o Blm, n) = [xm=1 (1— xyr=1 g
0
Let 1~x=z,then_dx=dzandx 01
z|110
0

Blm,n) = [(1-2)"~1 211 (~dz)
1
0

= [27711~2)""1dz = B(n, m)
1

s Sl T
Propositl()l%Z/B(ma n)= .[ (1+x)ym+n ax= I (1+x)m+n
. 0 0

1
Now  Bmn) = [x"~1(1-x)"~"dx

1 0|1

Let x=——-,thncbc——(—-—)a)’and—
l1+y L

0 1 m- n-1 | \a)’
AP J.(_;J (1+y} [(l+y)2j

| y
l _[...._____._'...._
[ . 1+y l+_v]

o0

n-1

- 3 (l+y)m+n
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Since B(m, n) = B(n, m), then

3 n-1 m-|
o -]
o (1+x) o (L+x)"
n2

Proposition 3: B(m, n) = 2I sin®”=19 cos2"~10 d0

0
From m%ﬁnition of Beta function, we get
1
B(m, n) = [xm=1(1- xyr-1 g
0

Letx=sin29,thendx=25inBcosBd6'andx 1k, ‘
00| m2

w2

B(m, n) = I sin?"=29 (1-sin2 8)"~! 25in8 cosH 40
0
/2
=2 [ sin?"~19 cos2"~10 do
0

2
Note: B(-l—, 1] = 2J. do =[29]§’2 =)

Proposition 4; The relation between Beta and Gamma functions is

v ['(m) [(n)

B e
and F(%} =2
Now - B(%,%) =,
I
(3+3 W
i H %Hz —al()=n [ T)=1]
: 3)- |
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’mrl‘f’r' "

: Pl g+ w2 :
osition 5 B( 2 ' 2 J T ISi“pﬂcosqﬂdﬂ
0

- 2 2
r( .P:itzJ Prd>e)
2

proP

prom the proposition (3), we get
n2
B(ms f’:’) =2 j. sinz’"‘| 3] COSZ”-I ede
0

Let2m—1=pand2n—1=g, thenm= f—;:—l and n = 221

2
p+l g+l _
B(-—"—,——-] = 2_[ sin” § cos? § 4@
0

2 2
1 +1
w2 r( _P_";) I“( i__)
Nofé: fsinpecosqﬂdez %B[f_ﬂ’iﬂ)=l 2 2
| 0 ) E 2 F( pt+q+2
2
proposition 6: For m >0, 2271 ['() F(m + -;:) =n T(2m)
From the definition of Beta function, we get
L(m)D(n) _ "¢
Bm,n =l =) s 2m—1 2n-1
(m, n) T ‘(l;sm 0 cos*"~19 do (1)

I'(m)I'(m) e 1
—_— =2 2m-1 2m—-1
T k) I sin Bcos 040

Forn=m, B(n,m)=
2

2 i .
gl f(2s1n9 cosB)>"~! q@
0

/2

“ Jl sin2m-1 20 4o
0

22m—1
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2 n -. d

1 n/2

: : !,
Again putting n = 2 In equation (1), we get

1
I"[m+ ks
2

= ____F(m) F(m) 22m-1

T (2m) [using equation (2)]

I'(m) 1"( 1]
or 2 = F(m) F(m) 22m—1
I‘(m+l] . T2m)
2
- [(m) I"(m 4 %J 22m-1 _ r[%) T(2m)
or 22m=1T(m) r( m+%) = Jn T(2m)

n n
t
Example 1: Prove that I(l —;J t*Vdt=n*B(x,n+1)
0

{ t 0 n
Solution: Let — = z, then df = ndz and
n z|0]1

n n 1
I(I—L) *ldt = I(l—z)" 2% Ll ndz
0 0

n
1
= [ 1=z n de
0

I

- nx_"z"'l(l - z)(n# D1
0

=n" B(x,n+1)

ot 2| Sn0de [As fa-n)-fw) .
0

) =2 [ sin>"1gde
0

Mathematics.l
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jmp
2: Prove that B(m + |, py= .M _
Elﬂmple n) mtn B(m’ ")
ﬁo": we kﬂOW that B(m‘ n) A _l:_(__”ll!‘_(_{,_)_
Solu I'(m+ n)

C(m+1) I(n) m ['(m) T'(n)

+1,n)= -
B(m F(m+1+n) C(m+n+1)
N mF(M) r(ﬂ) A m F(m) r(n)
(m+m)T(m+n) =~ m+n T(m+n)
B anB(m,n)

g

3: Prove that Ie—9x 032y % -

pxample .
dz
Golution: Let 9x =z, then dx = 3
—9x 32 g = —z| 2 ?_:2 -z 3R
Jex _!]-6[9)99.‘.62&
0 0
= 3J'e-z 252-1 g,
0
=3r(§)=3r(3+1)=3.5r(§]
2 2 2 \2
’
3. (1
=30 —+1)
;
31. (1) 9
=3==-I—= _=—\/_
22 (2] 4
2
Example 4: Evaluate I sin’ x cos’ x dx
0
pHl)pfat]
o 1F( 2 ] 2
Solution: We know that Isinpﬁcosqﬁd6=—2— T2

o r-(
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%5153

I sin® x cos® v dx = -;— (5+5 & 2]
0 L =
i
_1I@Tre) _re+hre+
2 I(6) 2I'(5+1)

12]2 _ Z 1
- 2[5 T Sx4x3xZx1 60

1
Example 5: Evaluate _’lx*’-(l—xz)m dx
0

. x 1O 11
Solution: Let x = sin0, dx =cos0 d0 and o103

| n/2
[-x)2 dx - [ sin?8 (cos?8)"? cosbde -
0

0

2 1F(2_zﬂ)r(§ﬂ]
~ [ sin20 cos*0 do=— E
; 2 Iﬁ(2+8+2)
2
33+ 53
crihet it e 1B kg g ie
2 ) 2 5
il ot e
85" 2272
i TXx5x%3 _n
64x5x4%x3x%x2 512
2
Example 6: Evaluate Isingxdx
0

m+1 n+l]
r| 2= || —
e 1(2)(2

Solution: We know that I sin” x cos” x dx = —
0 2 l"( m+n+ 2)
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n2 r(MTl]r[l] r(m+lJ
por =0 ISin”'xdtzl 2 2) Jn ;
0 2 +
2

Here m = 9, then

w2 r(?_t‘)
Isingxdx = ‘/25 2 Jn 15 Jn 14
+

r(g] 297531 &

gxample 7: Prove that I e = by |

—00

oo

2.4 . s
*" 1s an even function, then J' e"xzdx = 2[ e“"zdx
0

Golution: Since e~

—Co

Let)c2 =z, then2x dx =dz

2
Example 8: Prove that I tanx dx = L,

0 V2

w2 w2 4
Solution: Now J Jtanx dx = I sin’2 x cos 2 x dx
0 0

l+1 —l+1
r| 2— || -2
2 3
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- L poosec C-Tm) (1= m) = 1 cogec mm)

dx

Example 9: Evaluate
{ e

0f 1
Solution: Let x* = sin 0, then 2xdx = cos 8 d6 and
010|nn2

fios
33 _Vx a8

1
iy r( l+1) ? r(é]
4 4
xm- -1 1
Example 10: Prove that j o dx = — - B(m, )
d X a

x|0|e
Solution: Let bx = a tan? 0, thendx=£2tanﬂsec29d9 and
b 0|0 |m2

m-1
<1 wz(-qj tan?"-2 9 (%JZtane sec?0 do

]: — = [ dx
0 (a+bx)yntn . gm+n gec2(m+n) g
1 w2
Ty 2 I sin?"~10 cos?"~10 d6
|
B(m, n)

Hbm



n=1

r{n—-l)= (21:322

ution: Let 4 = I‘(l) F(Z] 1"(
n n
' 1
)2 o
h n n n n n
We write (1) in reverse order, we get

DD o

. We know that T'(m)T" l—iJ= - 2 , then by multiplication of
m Sin mm

quations (1) and (2), we get

{202
{22

o WE U IW
sin— sin—
n n
[l
R n n n
i T n T | T
sin > sin,zjE sin(n—z)n Sm(n—l)n
n n n n
ﬂ"-l
0 - - -(3)
sinE sin i ...Sin =2Xr sin (n-Dx
n n n n
We know that = il {2"_1 sin(9+£] sin(6+zf}...sin(8+(n_l) n]}
sin© n n n

. lim A0 _ Gy {2"‘" sin(6+£) sin(9+2—n) sin(9+ ) n)}

AN PN PR SN DY N W S
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: o 2n in
or lig 3070 " _ gn-l sin = sin — ...sin 1= D%
80 n0 _3_19_9 B n n
3]
C(n=Dm
or n=2"1 sinEsin—z—Tg...sm( )
n n n
R MW . -l B
sm; SIHT...SIH " 2,1,1 (4)
From equations (3) and (4), we get
A2 = nn_l = (zn)n_l
n n
2rz—l
-l
(2m) 2
A p—tg
12
n-1
i =7
Hence r(lj r(z) r(i) I‘(" IJ -
n n n n n
EXERCISES

1. Define the improper integrals I Flx)dy, I f(x) dx and I f(x)dx.

Evaluate

- RRAEP
@ { (x+1)(x+2)

(if) j. e’ dx.

b
2. Define the improper integral I J(x) dx when f(x) is unbounded only at ¢

where a < ¢ < b. What is meant by the Cauchy’s principal value of this

integral?

I
1
Prove that I < dx does not converge but has the Cauchy’s principal

value0,

3. Evaluate

(i) Jl'x;% (if) iez"dx.
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; Jopd o ] o
v (i) J.xe"r abc—E Nl(!'i) J’5_xzdx= Jn
O 9 2.fin’5
T ~5x? \/-T_t
s dx=-_‘-_
A {‘f 25
6. Show that
(i) Ie Jr"dx_l‘e x4x2dx=_l
0 0 &2

(i) :f(lifzc)z () Ie““ sinbxdx=azib2
" Io x? +C§Cx+2=1t
(vi) ( & L 550

0 (x2 + afz)(x2 4 bz) 2ab(a+ b)
1
(vii) _[log xdx=-1
0
8. Prove that

¢ T 3
(i) j'e'f’x X =% (i) Ie‘-‘ R = = Jr
0 0
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o L INL8) 2 i Jn
g o SlaNe . il o NR
(i) ( 4) F( 4) 2 (iv) _[e dx = £
- 0
Ten 2n
(\’) _ d[ = |—
! Vi p
9. Prove that .
() B=(m,1)= L] (ii) B(m,m)= 2!-2m B( m, l)
m 2

g1 N
(i) B(—,_]z
22 {,/I(lﬂ!

(iv) B(m,1 —m)=T(m)I'(1 -

A r n+l
T 2
n —
(v) Icos xdx = : F(”+2]
2
2 I
(Vi) .([sin4xcos4xdx=2—5—6-
2 ] 1 . )
i 5 - 4 T Lo B 26 =D Cf[=—
(vii) _([cos xsin” x dx 315 (viii) ‘(l;x (1-x%) 2
v/ 32 : 1 08 3”
(ix) f (1-xp*? ds= =3

(x) J' (x—a)" ! (b-x)""" dx = (b-a)"*""' B(m, n)

' 1
(xi) Ix'”" (1-x2)r-1 dx=—;-B(—2-m, n],m,n>0

| ]dx nxﬁ

- '[(1— S i !;1”4= 4




)P[‘r ’"f(’grﬂh‘ o

,m,n>0

w2
Prove that J' sin?m-19 co527-19 49 11 T(mTI(n)
. o (@sin@+bcos20ym+n 2 gmp" [(m+ n)

b
. Prove that [(x=a)" (b=x)" dx = (b-ay"*"*! B(m+1,n+1)
a

. Prove that J.e‘xsz:drzl-ls...(Zn—])Jj_t
0 | n+l

1
xm1(1-x)n-! |
t —
13. Prove tha £ ot g -

1) 2 8\ 16m*
14. Prove that I‘(;J F[EJ F(§)= ;t

Answers

B (m, n)

1. (i) log2 (i) e
3. (1) 2 (i) 12



