Evaluation of Definite Integra]

One way to look at integration is to consider it as a process opposite to
differentiation. To see how integration can be performed we, therefore, need
to have the following notions.

2.1 DEFINITION

If corresponding to a function J(x), there exists a function such that ¢'(x) =
f(x), then ¢ (x) is called the primitive of f(x) or the indefinite integral of f(x),
a fact expressed symbolically by

[r@d =6 ).

Since the derivative of a constant is zero, it is appropriate to add a constant
to the function always and write

[F(d =¢ () +c.
where c is called the constant of integration.
The following table of integration will be of immense help in integratio:
theory.
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1 + ¢ provided n # - 1.
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cosec mx cot mx dx = ———
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. tanh mx
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sech mx tanh mxdx = ————+¢
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i :
b 2
24, |x*-a’ax = g\/xz ~a® =L cosh! [£)+ c
. 2
25. |4ya* -x? =§\fa2—x2+a—2-sin”'£+c
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02 X
\}x2 +a2 + —2—sinh"' (_] +c

a

a

The integration by parts can be committed to memory by any one of the
following two ways:

1, Iudv =uv — I vdu where u and v are functions of x.

2. [f® g dx= 105 [gxae— [ 1100 ([ eoratr)ax

The fundamental theorem of integral calculus which plays a key role

everywhere is stated below.
If ¢ (x) is the primitive of a function f (x) integrable over [a, b], then

[ 1y =0 )0 (a.

The above theorem enables us to note the following properties of definite

integrals:

D1.

D2.

D3.

D4.

DS.

]
o~ B

[ ]
o~ 8

[ ]
a8 8

[ ]
n <

rb

f@ds = [ 1) de

fGyds = " f(x) e

o) e = _':f(x)dx+j:’f(x)dx,a<c<b

fyds = [ f(a-x)dx

ra a2
[(rde = ["Foya [ fa-vds

D6. J'OZ" fx)de =2 j: F(x) dx if fla+x) =1().

Corollary L;’" fx)dx =n IO“ f(x) dx iff(a+x)=f(x)

7. [ @ dx = [/ + f(-0)} dx

2 jo" f(x)dx if f(x)is even,
0 if f(x)is odd

We now show a few examples to illustrate the above properties.
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xample 1: Evaluate

11n(1+x) . fm xsinx
dx dx .
. IO 1+ x? “ 01+ cos’ x

olution: (i) Putting x = tan 0, we get
[ = » /4 ln(1+tan9) 29d9
v sec> 0

. / i
s :/4(1+tan9)d9= :4ln 1+tan(%—-9) dB]

n/4 1—-tan0 o t/4 2
s 1 do
1 -[0 ln{1+1+wne}d9 ~Jo n[1+tan9]

/4
- j(:‘” (In2—In(l + tan@}d0 = || n2d0-1

/4
27 = m2[" d0="12.
0 4
T
S I =—In2
i 8

(if) Here

i J‘ (- x)sm(n x)dx
0 1+ cos’(m— x)

n(T—x)sinx T sinx
S [rlanmnd 4 THuall,
1+ cos“x 1+ cos®x
T sinx
21 = wf ———d~.
01+cos“x

sinx

> . —_'[1+cos x

Putting z = cos x, we get .

2.2 MISCELLANEOUS EXAMPLES

Example 1. Evaluate I: sin nx dx using limit of a sum.
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Solution: Now I(?Sin"x dx = ,!iﬂ}, ht sin(rnh) where ph=a-( =,
s =0

.

e ;!]_To hlsin 0 + sin nh + sin 2nh + ... + sin (p - 1) nh)

hn 3 3
_ COS— —COS—hn  COS=hpn — cos> hn
h—0 hn h ......
2sin — 2sin2 ,‘
2 2

[ " 2 sin nh sinnz_h = cos]%n—cos%hh and 2 sin (p — 1) nh sin%n;

= cos[(p -1) —%ilnh —cos| (p - 1)+%Jnh}

COSEIZ—COSﬂh[(p—l)-E‘l
1 2 2]
~ h—>0 _ nh 1
2sin—
L. 2 -
2.sin[h——_"h(f’"l)]-sin"—”f
_ lim B 2 2!
T h—=0 A nh
2 sin—
2
nh
Ty B,
= |lim 2 x—smfp—sm(p—l)——
h—0 nh n 2
— nh
= — |lim [51n£z—sin[a” H ph=a
n h—0
BEIENLL | ISR M
n 2
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]
xample 2: Prove that r x|x|dxy =0.
~-a

-=a

a 0 a
olution: Here [ x| x|dx =j x|x|dx+j‘0x|x|dx
-a

e joax(—x)dx + I:x . x dx

f i) (—x%)dx + j‘“xz dx

0
0
-a 0
3 3
a a
=0-—+—-0=0
’ 3 3
lad : 2.
1 22 2 32 3 n2 i ﬂz
xample 3: Evaluate lim {|1+— |[1+<-| [1+°= e [ 14— ;
n— o n2 n2 n2 n
I 2
i

2 ' 3, 5! n
2 2 2 n
lution: Let4 = lim (1+—12—J H—z—2 1+%- 1+n_2.

Taking log on both sides, we get

A

2 3 n
1 22 32 ) n2 n
= li I+— || 1+= 1+ =} .. |1+—
IOgA o8 n}-l;r:o{( nzj[ an [ +n2J ( an

= lim | log [1+LJ 1+22 2 1+32 3 + 1+n2 b
n—o n2 n2 n?. n2

' i : 2
= lim {% {log(1+—!2—)+ 2 log[l + -Z—ZJ
n—o | n n n |
2 2
+ 310g[1+%}+...+nlog{l+f——J}
n n2

e LEE——

PR—
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I 2 ,
= lim [—2— {llog[l +——2—J+—Iog(l+z_]
nsx|ln|n n n nz
3 3% 2
+—|0g I+—2— +.__+.’1]0g 1+f__
n n n n

— lim Z— —log( -’7}

n—}oo

%]

ol r 1
= 2 lim —Z—log[l'F'n—J: ZIOx log(1+x2)‘#

n>on — . N
r=1

Let 1 +x°=z,2xdx=dz

2
I = L log z dx =[zlogz—z]12=2log2—2‘——(log1~1)

&

= 210g2—1=10g4—loge=10gi
e

4
log 4 =log; Gy A==

2 2 1/n
. 1 2 n?
Example 4: Evaluate lim {(1 + TJ (1 + 7] .[1 + —2]} .
n—>» 0 n n n

12 72
Solution: Let 4 = lim 1+—2 1+—2 J
n—»o0 n n

Taking log on both sides, we get

2 2
.
log4 = log| lim {[1+1—J[1+—
n—»® n
/. 2
; 2
= lim log{{l+l—J[l+—~—]...
2
: 9% n
= lim .l{log[l +..1_J+ log{l +-?]+...+ log(l +—7ﬂ
n—wo R n? n n

lim — ..
nl—l;nwn Zlog{ 2}

]

Il
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lim r);m_;(l +1"W?) where nh = |

= L:Iog(nxz)dr
= [xlog 1+ [' 25 v e (integrating by parts
014x
1 1
= log2-2 | = dx
. I”( 1+x2]

= log2~2[x-tan"x](','zlogZ—Z[l ~tan' 1]
=log2-2+2. % =jog2-2+ =
og a log 5

= log 2 - log €® + log ™2
= log (2.e’°'2'2)
log4 =log (2. en/z-z)
A =28ﬂ2-—2=28‘.'t—4f2.

olution: Let A= hm[g] = lim [l_z.ii _,ﬁ]

n—w0

Taking log on both sides, we get

1/n
10gA=log[lim [1-3-3...3) ]
n—>o\n n n n

5 ol 1 2 3 n
= lim —|log—+log=+log=+...+ log—
n—wo B h n n n

N r ] 2
= lim — » log| —|=1lim & ) logrh. where nh =1
; g(") i zl :

= Lilogxdx=[xlogx-x]:) =[llogl-1-0]=-1

logd=-1=loge!' =2 4=¢!=

o |-

xample 6: Evaluate

312 4
(i) I:Isinx+cosx|dx (i) Ihl | x sinn x | dx.
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n
Solution: let/ = In |sinx + cosx|dv,

. . | l
Now sinx + cos x = J2 [— sin x + ——I— COS X

V2 V2
- 2 [sinxcos-g+cosxsinit— )z J2 sin (x+g)

n Lot x4 = -':z._thendwr=¢ciz,xl 0 I L I
4 z|n/4|5n/4‘
Lo Sn/ 4 :
ik V2 |sinz|dz -

_ [ , Sn/4 \
_L/4J§|smzldz+.[n V2 |sinz|dz

n . Sn/4
= I ~./§Slrlzdz—_"rt V2 sinzdz
T[/4_ T

- T
sinzfor—<z<ng

“sinz|=
y 5wt
—sinzforr<z<—

4

= V2 [-cos z]",, — V2 [~ cos s
= \/5[1+—\/%}.+«/5(—%+1)
= 2 +1-1482= 242

°3/2 .
(ii) I= !|xsm1tx|dx

el _ W
= I]A:Slnmnclabc+i|.1 X |sinmx | dx

17 4. 3/2 :
= xsmrmr.:ix+jl (—x sin 7x) dx

sinmtx for—1<x <1

o |sinmx | = :
| | —sinnxfor1<xs-5

Il

b ary’
2I0x51nnxdx—jl x sin 7x dx

) ) |
Now Ixsmfcxdx = ——cosnx+—fcos1vcdx
T T
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X : . .
; COS 7Ly 4 ~5 SINRX+ ¢ (= arbitrary constant)
n

2

I
2 i
| = 2[ ~ COS X + — §in 1ty
n n Jo

- /2
X .

=| == cosmx + — sin
n 1t |

1
_ 2[-—cosnx+—%simt—0il

n n
[ g 1..3m 1 1 ]
—|=-—¢C08— 4+ —sin— + —COSTT — —sinT7
2r 2 2 2 & n’
— 2[—1(—1)+O]—[—i.0+%(—l)+l(-|)“0]
s 2% T n
LI - e S
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EXERCISES
1. Evaluate
] x dx
i 3
O W i) [—F—

W

X+4/x° =1

(iii) I 2 ;
(l+x)\/1+2x—x2

2. Evaluate

@) J‘(x-—l)\/xz—x+l dx @) [Ja—o)(B-»

(1) I(l—x)3’2 A+ 072

3. Show that

.3 dx

0 (x+2)x+1
02 2 24

(i) Oa\/2ax—x2 dx = "% (ii) j; sinyx dx=2.

()

=2tan'2- L
2
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4. Evaluate
m tan l.\'
elscainton (i)
(@) I(l+a 2372 ; '[e +2e”
(1) I
1+ 22 +
5. Show that
Y 1 b
o [~ dx: 2 = =,0,5>0
. Y0 azcoszx+b sinfx ab 2
@ [ =2 In(+2 +1)
0 sinx+ cosx
o n/2 dx i
gy S i e O g 90 e g
0 a+bcosx 2 _p2 a+b
| ( L2 ifa? 242
@) Inlz : 's;nxcois’x . dx=Ja ~b
0 a”sin” x + b° cos” x 1
— ifa=1b
2a
Jtan x
W [ ——dr = 2fanx+e.
SInx COSx
Answers
L: () —\/auuc—x2+§sin‘I 2x_a+c
a
(if) %x(x—\/xz—l)‘ln(x’f ¥ -1+e
(ﬁf) __l__sm Jz_x +:0
2 x+1
1 |
2. "3“(x2—x+1)3/2—§(2" 1) yx* —x+1
3 1
—-l-gln(x—-5+\/x2—x+lj+c
@ {(Zx o0-B) JE-D) (= B)+(ﬁ2) -|2xB—0L*B+C
-a
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4.

| -x

(171) .
| 4 x

, 1
(,) em tan 'x m -

(if) —lz-ln(Ze'"" +1

(i) -l-lnl””

Cos (tan

'x)+sin(tan*'x)

) = In(e™*

¥ 4y 1

- x4+ x2

W

1+ m?

+P+c¢

(i

2

J c

cadl
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