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- Curvature, Evolute and Involute

In this case we give a definite numerical measure of bending of a curve at any

point on it. We define below the concept of curvature and its associate radius
of curvature, evolute and involutes.

Definition: The curvature of a curve Cat a point P on a curve is defined

. Ay
as AI-TU —— where the tangent at P on C make an angle y with the positive

r-axis and the tangent at Q at on arc distance (PQ) As on the curve makes an
angle v + Ay with the positive x-axis.

Fig. 1
This is usually denoted by k (kappa).
. Ay dy
Th =x= lim — = —p.
us, curvature = K % o5 ds

The quantity Ay is called the total curvature of the arc length PQ and the

. A
ratio —Esqi is called the average curvature of the arc PQ.

The inverse of curvature is called the radius of curvature which is denoted
by P(rho) and defined by
1_ds
k. dy

d

p:
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Theorem: The radius of curvature at every point of a circle of radius a is a.

Proof: Let P be any arbitrary point on the circle and Q be a point at an arc-

distance As from P and A8 be the angle made b
the norm
centre of the circle with radius a. Yy als at P and Q) at the

Fig. 2
Then we know that .
As = aA@ and A8 = Ay
As  aAb
Ay A
Hence = : s AL a
¢ lim A lim k

Note: As the equation of curve is usually not written in terms of s and y, then
the above formula is not of much practical use. '

Formula 1: For Cartesian equation (explicit function) y = f{x) or x = fly),

2,312
S 5 o g (1. v
: ¥ *2
A
dx
where »= —jy;, X, = ;5}—
widly coudie
ui A R )

For the funetion y =f(x), y, = % = tan \y where y is the angle made by the

tangent at (x, y) ©f the curve with'ihe positive x-axis
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y % = sec’ y =¥ - ge Z‘V%'g
ds Secz\yf:%
dy
_ (a) sy
Y2
ds? = dy? + di®

g (1+y12)3f2

Y2
Similarly for the function x = f{),

_ (L+x})*?
X2

)

Example 1: Find the radius of curvature at (x, y) on the curve

X

(1) y=alog sec [—]

a

X
(ii) y=a cosh (Z)
(iii) y* = dax

X
Solution: (i) Here y = a log sec (;] ,

I S""’({]““‘(ﬁ]
yl = a a a
x a
SCC(—]
d
or Y™ tan (i)
d

= lSt=:c:2(£]
275 a

Hence, the radius of curvature at (x, y) is given by
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)2
1+t nz(h)]
p= (1+}’12)m =( Y
% !oect(%)
a a
asec’| X
2 a’l _ (x)
=———— = asec| —
secz[x] &
a

A£x

(i) Here y=a cosh [ﬁ) :

a
x)1 X
()L~ sn(3)
gy = sl — = s
(ool
and y, = | —)cosh|{ —
a

a
Hence, the radius for curvature at (x,y)is given by -

3/2
v, 3D E)
(1+y12)3’;2 . [l+smh [a }

p=
Y2 [l] cosh [-{)
a a
x
acosh3 [—] 2 4
= & = acoshz(::-] = Za_
. cosh (—{]
a
(iii) Here y* = 4ax
o4 s
or X = L‘y .
.(;ix_ =X:= -Z—
then i 1~ 2,
d*x 1
and Xy = };}3’ = Eg

Hence, the radius of curvature at (x,y) is given by

5 \32
2,32 [1 + —X‘ZJ |
(I+x7)"" _ 4a

X9 I
2a
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= 2(3(4(]2 +y2)1!’2 I

(2a)’
(2 )2 (4a +y )1/2
4 32 372
:(a +«tax) =2a[1+£j
4a a

Formula 2: Ftor the implicit Cartesian form f{x, y) = 0 possessing continuous
2nd order partial derivatives

_ (F+ 15"
fxxf)?_zij;j;cfy+f)yfx2
We known that
b % =_§x_
or fx+fy% =0

Now differentiating with respect to x, we get

PR e ["J’]z fiz——o

dx
AT s
or f“”f"yL_fJ fny 7, +f”dx 0
d*
L fxxfy zfxyfxfy+f}g:fx+ 3_J'3'_0
Ly Tl - BT Tl
dx? 5
21372
-3
L+ y7)" A
Hence, = = 7 7
Y2 ol f foyf;'jv'*'fvy
! -
f +f2 3R

) fxxfy zflyfl'-/y - j:l{vfxz
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Example 2: Find the radius of curvature of the curves

@) Yx+{y =tat(l,1)
(i) x*+)° = 3axy at [_2_,__
Solution: (i) Here fx,p) = \/;+J; oY

then j; -

1
-~ At(1, 1), b= fn=._%=fw and £,=0 4
2 2.\3/2 \
- (1)
f.l:rf}? _foyf;cfy'i'f}g;fxg
1 1 3R
(Tz) ,

(ii) Here ﬂx,y)"'xB*}’J—?’axy’
then ﬁ=3xz—3@”£;=3y2'3m
=-3a .
and fxy ) |
9a2 3a ?Ei(_:;_._]] = 91. 1
At[%‘i,%ﬂ), J‘;=3T“3"'"2_ g \2 + |
0a* , 3a_9a(3 ) _%
= 3-——-—"""30'__— AT i 4
4 2 2 \2

fa=9a=1, and f,=-3a
Hence, the radius of curvature is given by |
( ff & fyz )3!2 ' J
#?};.ff 'foyfxfy +fyyfx2) -

p:
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32
4
8

Ix8la° 81x34’
+

8 8
[?_la")&&
B ____ 81x9a°x8
12x81a®  8x22x12x81xa°
8
__3a
L8

Formula 3: For the parametric equation x = (1), y = y(¥)

R (fo +.y:2)31’2

nyrr i xnyf
where *” denotes the derivatives with respect to .
We know that |
&
ot Dl ¥
1 dx ;dx_ x'
dt
d’y d[dy) dt d(y’) 1
and g Sihe| e e | S
dx di\dx/ dx dt\x'/ dx
dt
_ xfy" __.yfx" .-_1— i xn‘y" = yix"
3 N € Oy
2\ 312
2,32 (1 + y,z]
HCI’ICC p- (l s 2 ) - nx o
‘ V2 Y =Va
(')’
2 ,2)3f'2
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Example 3: Find the radius of curvature of the parametric equations

(i) x=acos’0, y=asin’fat@= =

(i) x=a(8 +sin0),y=a(l —cos 0) at 0
Solution: (i) Here x = a cos>0, y=asin’@
x" =-3a cos®0 sin 6,
x” =-3a cos®0 + 6a cos 0 sin%0
¥ =3asin’0 cos 8
y” =-3asin’0 + 6a sin O cos?O

T 3a 3a {
o AtG=—, e i =
4 * 372 22 |
xrr g 3a + 6a i 3a
2J2 2, "3
i 38
22
3a
and y'=—
242
Hence, the radius of curvature at 6 = i is given by N

9¢° 9a° i
o (2202

RS o s T T
B (x'y" — y'x") 9a* 94°
T e
3 )3
(5 ") iy B
) 9a° "%
X
(ii) Here x = a(8 + sin 0)
and y =a(l - cos 0),
then x = a(a + cos 6),x” =-asin6
and y =—asin®,)y"=acosB
Hence, the radius of curvature at 6 is given by
L (x? + y,z)m

(xryn p-s! yrxn)

-~ -
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= 0%+ cos0)? 4 o sin? g2
[a(l + cos0) (acos 0) = (~a sin0)] (a cos 0)
[a2 c0s0 + a2 cog? 0 + a?sin’ 0]

0
_ [2a° + (1 + cos )2 f a2 cos’

—£ = 4q cos9
@+ V) a*2cos? - e
2

Formula 4: For the polar equation r = fg),
(r2 4 52y32

2

d_ d*
where " 20’ ry= d92
Ly ds
We have p_ﬂ_.@_.d_e_z do
dy dody dy
do
Again Y=0+0=0+tan"! [_{]
h
where r| = g% and r; =tan ¢
..di == l+i(t "l[:_)\
do do i)

h
rlz - ri+ 2:'12 -
Fltrgr—y = 5 —
ntr re+H
ds)’ dr)?
Also ds® = Pdo* + dr?, then [——] =r? 4 (——)
do do
or das _ (r? + )2

do
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ds
g 2 . 2.in
Hence, p=-4d9 _ g" i) (r? + n2yn
d_\}l r +2r12-rr2 "2+2r2
I =
dB (r2 + rlz)
Note: For the polar equation of # = f0) where u = 1 :
r
, (uZ 4§ u]2)3;‘2
u3(u +uy)
d’u
where u, = dﬁ and Uy = c_faf

Example 4: Find the radius of curvature of the polar equation
(i) r=a(l —cosB) at 6

. [
(il) r=—— at O=m
1+ecos6
Solution: (i) Here r=a(l —cos 0),
SO rl=asin9andr2=acosﬁ
2\3/2
Hence = (r i r, )
=k 2"1 —rr
_ [a2(1 - cos 0)* + a° sin” 8]
a*(l= cosE))2 + 2a%sin?0 — a(1 — cosB)a cos B
[«:r2 —24%cos0 + a* cos? 0 + a*sin” 0]
a2[1 —2¢0s0 +cos® 0 + 2sin*0 — cosO + cos> 0]
) a2~ 20089)3{2
34 (1 — cosB)
32
_a J—(l cos0) 2J_a(1_ c0s0)'”
(1 —cos0)
2\/551 .0 4a . [9)
= 2sin— = —sin| —
o V2sing = il 5
s 9 /
(11) Here r -
1

~ :1(l+ecosB)
ro 1
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|
o = 7(1 + e cos0)
|
where U=
r
du e
Uy = — =__
1= 20 ] sin 0
d?u e
and Uy = —— =__c0s0
BN
Hence, at 6 =, -:'(l+ecos n) = ELIE
u, ——f;-sin T =0
and U, = ?

Hence, the radius of curvature at 7 is given by

_ @) _ [(]_;_8)2”]
> (u + uy) (1—1-33[1—e e}
)

(590

Formula 5: For the pedal equation p = f{r),

o
k>

- Where p is the perpendicular distance from the origin to the curve.
We know p=rsing
dp ¢

i =sin¢+rcos¢;

do  drdj [ _de _dr}
= p .sm¢-rds,cos¢—dg

ds ds'dr

LI B P
—[ds+d5 PO+ = r 2t

r
p
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!

p b
Note: For the tangential polar form p = f{y),
e
dy’
dp dp gr o dpodr ods
We have T d\p s dw = —;(cos d)p -
= @costbri{-’; =rcos ¢ |
dr dp
AT
p2 + [__p__) = r? sinZdJ + r% cos? b= r?
dy
Then differentiating with respect to to p, we get
2
|
2p+2 d ( dp) av _ 5, dr |
dy\dy/ dp dp |
d*p dp d d
o py IR AN B
dy*dy dp  dp
dzp l: dr:‘
or pr—= = _ s P
dy’ dp
Hence p=p+ d’
en - —
d\p2

Example 5: Find the radius of curvature of the curves

2,2
(1) 12— = ¢ + b* — /* at an arbitrary point
P

(i) p = a(1 + sin y) at an arbitrary point,
Solution: (i) We have the equation as r

2 bz
P
Differentiating with respect to p, then we get
—20262 dr

=_2r— =-2p
P’ dp
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N a’h?
p3
4 _
i a cos
d d’p |
an ST S R © ) 4 ¢
d\yz v
d2
Hence p=p+€'—i—1;=a(l+sin1|1)—asint|l=a
T}

The curvatures and radii of curvatures of curves passing through the origin
can be found by the above formulae, but often it is convenient to derive them
by special method known as Newton’s method.

Newton Method: If a continuous curve passes through the origin, then its
curvature p at the origin is given by
( 2

1 _ : Dl
—  lim - ifthe X axis is tangent to the curve
2 (x,y)>(0,0)2y
1 ; y2 : 8l .
p=4 — lim = ifthey axis is tangent to the curve

2 (x,y)—(0,0) 2x

2 2

L \/az 6% lim 272 iftheline ax+ by =0 1s tangent to the
2 (x,9)>(0,0) ax + by curve

Proof: Case 1: The x-axis is tangent to the curve at the origin O. Let P(x, y)
be a point on the curve near the origin and let OPB be the circle passing through
P and tangent to the x-axis at O. First note that as P tends to O, the circle OPB
tends to the circle of curvature and in the limiting position, the radius of the
circle becomes the radius of curvature at P.

_..,.x
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Now, from the elementary geometry, we get

ON - NB = NP?
or War-y)=x
il x2)
or e EL}M- 7}
Hence, p=limr = lim _1{ y+§i\ *
P—0 (x,»)—(0,0) 2 yJ

1 : +*

== lm —

2 (x,y)"')(oso) y
Case 2: The y-axis is tangent to the curve at the origin O. Similar to the case 1.
Case 3: The line ax + by = 0 is tangent to the curve at origin O. From the

elementary geometry, we get

Fig. 4
ON.NB = NP?
or ON.(OB — ON) = NP?
2 2 2
or OB=NP + ON =OP
ON PM
3. 3
or gy X T
ax + by
¢:12+b2
5 . 3
or r= i a’ + b? M
2 ax + by
2. .2
. . 1 2 2 X + )
Hence ' = limr = lim —\fa +b
P P-»or (x,)-»(0,0) 2 ax + by

2 2
x° +
l a® + b? 4
2 (x,y)—(0,0) ax + by
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Note: The above derivations are als
curve admits of Maclaurin’g express
casily found out.
gxample 6: Find the radius of curvaty
() y—x=x"+2p+)?
(i) y* = x*(a + x)(a - x)
Solution: (i) If we put y = x in the given equation, then we get x* = 0 which
gives two equal roots of x viz. 0 and 0. So the line y = x touches the curve at O.

0 possible if the function describing the
ion wherefrom y, and y, at (0, 0) can be

re at the origin of the curves

1 2+ 5
Hence p==y2+(=1> lim
B =t (x)>(0,0) y—x
ORI a2
2 x)-0,0x + 2xy + y°
_ V2141
2 1+2+1

since  lim Z=1011y—x=0
(x,¥)—(0,0) x ;
J2

4
(ii) The tangents at the origin of the curve y? = x*(a + x)/(a—x) or Y} (a-x)
~-Pa+x)= Oora(y +x)(y—x)=x" +xy2 are givenby y +x=0,y—x=0. [If
we put y =x and y = —x in the given equation, then we get three equal roots of
xviz. 0, 0 and 0]

When y — x = 0 is the tangent to the curve.

2, .2
1 2 2 - X +y
cp= —\fl + (-1 lim
P 2 =D (x»)—>0,0) y-x
N2 L a1+ 3)
2 xp)-00) X+ x?
2
1+ [Z) [l + Z]
a2 . x x
=— |lim A g
2 (x,»)—(0,0) 1+[Z)
X
a2 +1[141]
2 1+1
since  lim 2 =lony-x=0
(x,y)—(0,0) X

= a2
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When y + x = 0 is tangent to the curve

2 2
p= AP tim Xty

(x)=0,0) y+x

f 2
2 lim a(x” + .Vz Xy = x)
2 (xy)—=(0,0) X+ xp?

2
1+(Z) ][X_ ]
aV2 fii { X g 7
2 (xy)-(0,0) 2
1+[y)

_ a2 [1+1][-1-1]
2 1+1

since lim 2 =_1 ony+x=10
(x,y)—>(0,0) X

Example 7: Find the radius of curvature of the cycloid x = a(8 + sin 0),
y=a(l —cos 0) at the vertex.

Solution: The vertex of the cycloid is 6 = 0 i.e., (x, y) = (0, 0)

i i B
? smB)
2 d0+sin0)? P [” ) -
Now — = = .
2y 2a(1 — cos0) PR
2
a[l ‘ sin 9]2 )
3 1+1
". Hence p= lim T lim 6 = a(l+1) =4a
(x0)-0,02y 80 ([ 9) 1

7

Example 8: Find the radius of curvature at the origin of the curve
312+4yz+3x—y=0

Solution: Here 3+ 4% +3x—p=0 (1)
Now, differentiating (1) with respect to x, we get
6x + 8y, +3 -y, =0 (2
or Yy 8y —1)=—(3 + 6x)
o L bx+3

yl—
1-8y
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Again, differentiating (2), with respect to x, we get

- 2
O+ 8y +8yy,~y,=0

or Y8y —1)=—(6+ 8y
2
or 2= '__‘_‘—6 5 8)’1
1-8y
AL(0, 0), y1=3andy,= 272 _7g(. =31 (0,0)

Hence, the radius of curvature at the origin is given by

_ M+ 1+9* 10410
3 78 78
Centre of Curvature: The centre of curvature at any point P of the cyrve is

defined as the point of intersection (C) of the normal to the carver at P with the
normal to the curve at a neighbouring point Q on the
curve as Q) tends to P along the curve.

The normals at the points P and Q to the curve is

intersect at the point C and Ay be the angle between LY 4
them i.e. ZPCQ= Ay, As be the arc length PO, thenwe z_\.s
P

P

get from ACPQ

CP _ sin ZCQP
PQ ~ sinAy Fig. 5
P
or CP = (sin LCOP)— 0
sin Ay
PQ As A
—itsin ogP) 2, S BY
As Ay sin Ay
P A T
- when Q — P, the values of re = ~—w- — 1, ZCQP — — and hence
As sin Ay _
cp-
dy

The circle drawn with centre at the centre of curvature and radius as the
radius of curvature at a point of the curve is called the circle of curvature at
that point of the curve.

Definition: The locus of the centre of curvatures of a curve is called its evolute
and the curve is then called an involute of the evolute,

Theorem: The centre of curvature (¥, ¥) of a smooth curve y = fx) at an
arbitrary point (x, y) is given by
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=|

1 2
e x—_yl( + 1)
Y2
2

4
2L (3, #0)

2
Proof: Let P(x, y) be any point on the curve y = Sx). Let C(X, ¥) be the
centre of curvature which lies on the normal at P, [ et us draw t’he circle of

radius p, the radius of curvature at P, which makes the angle y with the posit;
x-axis. Then clearly ZPCQ =V positive

and ¥ =3%*

Therefore, x =0T=0M-TM=0M- PO
=x—psiny

@\

and ¥y =CT=QT+QC=y+pcosy

1
_ . - N = and
We know that y, = tan \, then sin y = ——=L— and cos ¥ Er

we also know that

14 v2)32
\/p=( i)

Y2
2
22 0+ )
Hence /f=x—(1+y1) B = g di—as
Y3 1’1-]-);]2 ¥3
g 2
and /F=y+(l+yl) = y+—"

2 Ja+yd) )2

Note: The equation of the evolute of the curve y = fix) therefore can be founj
out by eliminating x and y from the expressions of the centre of curvature an
the equation of the curve. '
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pxample 9: Find the centre of curvature

of the parabola y* = dax at (x, ).
golution: We have V2 = 4ay

y % _2_13 < 2a _|a
! h Jdax x
and ‘yz = ‘/E

The centre of curvature (X, ¥) of the parabola is given by

2
¥ = x_y1(1+J’1)
Y2
.9
~ X X
= X—————m=— =x+2(xt+a)=3x+a
pi (
0,32

and y = e I 8
Y2 \/t;
- 25372
12
S _2x (a+x)=2\/;=_c(a_a 4
Ja  Ja
o 25372
Ja
. ( 2x3f2\
Hence, the centre of curvature 1s L3x +a,——|.
Ja

Example 10: Find the radius of curvature, centre of curvature and the equation
of circle of curvature of the curve x =¢€” at (1, 0).

1 1
Solution: Here x = ¢’, theny = log x and y, = ot Ty 3

At(1,0), y, =1 and y,=-1
Hence, the radius of curvature at (1, 0) is given by

2312 TP,
_aed”? _aen”? 5
Y2 ~}
The centre of curvature (X, ¥) is given by (3, —2) where

P
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U B T )

=|

=X e s A
Vs i 1+2=3
' 2,9 2
B ) ~1 -
The equation of circle of curvature is given by "
' i
(6~ B LA =gt =
or (x-3P2+(p+2P%=38 -
or X2 —6x+9+y*+4y+4=8 P
or . x2+y2—6x+4y+5=0
Example 11: Find the radius of curvature, centre of curvature and the equation
of the circle of curvature of x = a (cos 8 + 6 sin 8), y = a (sin 6 — 0 cos 0) at the
point 6.
Solution: Here x = a(cos 8 + 8 sin 0) and y = a(sin 8 — 8 cos 0)
%5 = al-sin 0 +sin 0+ can B =40 dos O
and :{E=a[cosB—cos(—]+Bsin9]=aBsin9
dy i
_dy_;ﬁz a BsinB L ?-.
4 e dx  aBcosH
do
2
dx* | dx\dx
d i aa T
iy —_— = 9 S
20 O TS 050 abcos’ 0

Hence, the radius of curvature is given by

e (1+y2)"? _ (1+tan’0)” *
y2 ______1_3__-
abcos” O

= sec30 gf cos’0 = ad

Let (X, ¥) be the centre of curvature, then

2 tan0 (1 + tan> 0)
. ___x_Y|(]+)’|)=x_ (

= L

adcos’ 0




v sty !."ﬂ'f”'"' r!”{f fn"h’",)
(v

n

“afcos © ¢ 0 5in O] - o0 cos'D tan B se>D
“olcos O+ Dsin® OsinH) - acom B

2
- Ly
and y=y4+ Q___"_l__’

¥, I
M cos' O
= alsin 0 - 0 cos 0] + o cos'O sec’®

=alsin® -Bcos P+ Bcosh] =asinb
Hence, the centre of curvature is (a cos 0, a sin 9).

The equation of circle of curvature is given by

(x —acos 0) + (v - asin 0y = ¢
or X" +y? - 2a(x cos O + y sin 0) = (& - 1)

Example 12: Find the evolute of the parabola * = 4ax
Solution: We have y2 = 4ax

Ja

and Yy =

213(2

Now, if (X, ¥) denotes the centre of curvature, we have

2
. y(1+ )
X =x—-—-—"-—

y2
w
a a
- (l + - )
= x -2 - =3x + 2a
a
2?2
v
(14 3) (l ¢ 1
" 1+ ' A
a.lld .‘! = J; +L I = Y + —
P 1]
*haz
% . e
. v g8 [ v=2Vax]
Va

From the above we get
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Squaring and then changing (X, ¥) to current coordinates (x, y) we get

z=i[x—2a]3 |
d a 3 A

27ay* = 4(x - 2a)}

which gives the equation of the evolute.

2
Example 13: Find the evolute of the hyperbola *_ _ Zi =1
Pl
2 3
Solution: We have ~ — 2 = I ,
a“ b Y

The parametric equation of the hyperbola is given by
x=acosh 0, y= b sinh 0

ka

;—dg=asinh9
and QZbcoshB
do
dy o b cosh
=2 =d0 __5¥ =[£] th 0 ‘<
N" & &  asimhe  \a/®
do |
2
o = 2= A L o g L
d?  dx\dx do\dx/ dx
b y 1
= — (—cosech?0
R
=—%cosech38
d

Let (x, ¥) be the centre of curvature, then we get

2
X = x_yl(l+yl)
V2

2
(f)-) coth® (l + _&_;_2__ coth? B]
a a

[— i) cosech®0

aZ

=acosh 0 -
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2
acosh® + g coshB_Sinhz B(I + b—zcothz 9]
a

2
acosh 9[1 +sinh?0 + %coshz 9} [+ cosh’® — sinh?0 = 1]
a

' 2 3 2
= acoshe[coshzewk%coshzﬁ] = [a +9 Jcosh39

a a
i = cosh’@ ax_ 6
o Laz b or ] b2] = cosh®@ (1)
1+ e
I R Y 1+ ——fcoth 9]
- 7=y+ LA e <
2 (__E) cosech’0
a

2 2 A
= Bl L it Bl an
b sinh© 7 sinh BL1+;—2—coth BJ

—

2
= bsinhO| 1 —%sinhzﬁ — cosh? B:l

2 2 — |
=_(" Lok }sinh39 Or{ o ] ~ _sinh®0
b’ a’ + b*

b )2 |
or = sinh%0 2
(02 + bzl b

2
= bsinh® l—sinhze—z—ﬁinhzﬁ}
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From (1) and (2), we get -—] —[ ' ] = cosh?0 —sinh?0 = 1
(amialmeg [a2+b2 a’ +b?
Then changing (X, y) to current coordinate (x, y), we get (ax)*3 — (by)*3
= (a*+ b*)*> which gives the equation of evolute,

Example 14: Find the evolute of the astroid x* + y*3 = g3,
Solution: The parametric equation of the astroid is
x =acos’@and y = asin’0
dx =—3a cos?0 sin 6 d0




- Mathematic -1
and dy = 3a sin’0 cos B 49
dy 3asin’ 0cos
y, = === = _
Tode 3 cos” 0sin e
d’y _ d(dy)de
and Yy = s . —[—)-—_ 4 ~tan9)-@.
dx dO\dx/ dx 40
= —seczﬁh—-—__l______ - 1

— 2 ' L s
3acos”0sing 3acos® 0sin@
Let (X, y) be the centre of curvature, then we get'

2

¥z “

— acosdg . (=1an0) (1 + tan?g)

1
3acos® Bsin @
- c:;vcos39+3acos'ﬂ‘lf)sineSine 1 .
cos0 cos?@ ‘
= a cos’0 + 3a cos O sin’@ |
= a(cos’0 + 3 cos 0 sin’0) |
- 1+ p? 2 1
and y =y+(—yl—-)-=asin39+ ity !, :
3 %) 1 N\
3acos” Osin®

= a sin’0 + 3a cos*0 sind sec? I

= a sin®0 + 3a cos?0 sin 0
= a(sin®0 + 3 cos’0 sin 6)
(X +7) =alcos 0 + 3 cos O sin”0
+ 3 cos?0 sin O + sin°0]
= a(cos O + sin 0)*
and (¥ — ¥) =a[cos®0 + 3 cos O sin®0
— 3 c0s20 sin O — sin°6]
= a(cos O — sin )*

(T + 7)) + (@ -5 = [(cosb + sinB)? + (cosO — sin6)?]

= a*3[cos0 + sin®0 + 2sind cosO + cos’0
+ sin’0 — 2sin6 cos0]

i 2a2/3
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|
)P =207 which gives the equation of the evolute.

Example 15: Find the evolute of the cycloid

x=a(®+sin0), y=a(l + cos 0)
x=a(® +sin 0) and y = a(1 + cos 0)

dx = a(1 + cos 0)d8 and dy = —a sin O d®

Solution: Here

Let (X, ¥) be the centre of curvature, then

M(“‘Jﬁz)

Y2
(—tangj [1+ tan2 B)
2 2

( 1 )sc&ec4 9
4a 2

= a(B +sin®) — 4 asin f)*t::(:ns.g

f:x._

= a(0+sin0)—

= a(0 +sinB) — 2a sin® = a(6 - sin )

2

Y2

’ 6 ©
o gy_ N —sin® - o SIDECOSE
1T ™ Iy
dx  (1+cosH) Foogt 2
z_tan_e_
2
d*y d[dy) d[ 9] do
%S o g e Ml 7
=_(Secz_‘1]l_1__
27 2 a(l+ cos0)
0
2
) (s
=i bt =—| —|sec” =
2a 2(:0329 ta .
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Then changmg (X, ¥) to the current coordinates (x, »), we get (x + y)m +



26

Mﬂlhemaﬁcl‘._ F,

= a(l + cosB) +

= a(l+cos0) — 4acos? g-

=a(l + cos 8) — 2a(1 + cos 0) =
The equation of the evolute is given by
x =a(0 —sin 0)
y =-a(l + cos 0)

~a(1 + cosp)

EXERCISES -

1. Find the radius of curvature of the following curves:

14

(i) y=x*at(l,1) (i) y= —;(e“’" +e7) at (0, 0)

(i) y=e* at (0, 1) (iv) x=asec¢,y=btandpato=0
(V) x=acost,y=bsintatt
(vi) x=atz,y=2m'att=0

Bcot o

(vil) r=ae at the point 6 = g

(viii) " =a" cos m@ at 6 =6, -
(ix) r=a(@ +sinB)at@=0
(x) P=d’pat(p,r)
(xi) p(r* +a’)=r*at(p,r)
(xii) p*+a*cos2y=0
. Find the radius of curvature at the origin of the following curves:
(i) 3% +xy+y?—4x=0 (ii) x*+)’ =3axy
(iii) X +5x°+6x—y=0
Find the centre of curvatures of the following curves at the indicated
points. |
(i) y = sin’x at (0, 0) (i) x=ar,y=2atat(0,0)
(iii) x*° + ¥ = > at (x4, y,)
Find the radius of curvature, centre of curvature and equation of the
circle of curvature of the following curves at the indicated points:
(i) x*=4ayat (x,y) %
(i) 2xy+x+y=4at(1,1) §
{

i
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§. Find the evolute of the following curves
2 "l
a® b

(i) w=a?
(iii) x? = 4day

(iv) x=a(B —sin 0), y = a(1 — cos )

(V) x=a(cos t+tsin ),y = a(sin t - ¢ cos f)

Answers
1. (1) % -~ (1) y—: (iii) % (iv) %
(v) (a’sin’ ¢ +aIlJ72 cos” )" (vi) 2a (vii) ae’ °®'® cosec o
(viii) - f;rli"‘l where rf = a" cos m 6, (iX) a
ﬁﬂgé unﬂéﬁfgfumfg
2. ()2 (ii) %a,%a (iii) 37;([)?5

3. (i) (0,5] (i) (2a,0) (i) (x+3x0°y23, 3o + 3981523

3/2 ( 3 2\
2. gy LD ,L—x2,2a+-3—x—
Ja 4a 4a
(ii) % [g%} ,4x? +4y* —20x-20y+32=0
5. (i) (ax)?? + (by)?? = (& - b¥)?? [Hint: x = a cos 8, y = b sin ]

(i) (x + y)*? — (x = y)*? = 4a

(iif) (v — 2a)* = -2741:»:2

(iv) x = a(8 + sin 08), y = —a(1 — cos 0)
W +7=d




