//Z/_: Mean Value Theorems

 chapter W€ shall discuss some useful theore
jnth . Rolle’s theorem, Lagrange’s mean valye
m. Taylor’s theorem and Maclaurin’s
“a function.

ms of differential calculus
theorem, Cauchy’s mean
theorem including series
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20LLE'S THEOREM

Let f(x) be a function defined on the closed

: " interval
following conditions: [a, b]

Sm‘emt‘n':
*.335‘['\']1111 the
o) f(x)18 continuous in the closed interval [a, b],

i) f(x)18 derivable in the open interval (a, b), and

o fla) =1 (B).

Then there exists at least one value ¢ where a < ¢ < b such that f(c)=0.
proof: Outside the scope of this text. : v _
(eometric Interpretation of Rolle’s theorem: Since the function f(x) is
.ntinuous on the closed interval [a, 5] and is derivable on the open interval
1. h. the continuous curve has a unique tangent at each point on it except at
he end points 4 and B.

The third condition implies that the curve y = f(x) has the same ordinate at
{and B.

Y
AT TNB y=f®
f@ | |f®)
_ : > X
0 a C b

.I-:hc slope of the tangent at x = ¢ is f”(c) = tan 6.
Now f'(¢) =~ 0 implies 8 = 0 i.e., the tangent to the curve y =/(x) atx=¢
“Paallel o the x-axis.
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Geometrically, the Rolle’s theorem states that there exists at least one point

¢ on the graph between 4 and B such that the tangent at ¢ is parallel to the.

x-axis,

Example 1: Does f(x) = | x | satisfy Rolle’s conditions on [~ 1, 1]? Justify
your answer.

~xfor-1<x<0

x for0<x<l

(7) f(x)is continuous on [ 1, 1]

Solution: Here f(x) = {

+h - 1(0 . =h-0
(if) Now f(0-0)= hlirg_ f(O-&h; A )=h]l)%1‘ gt ¢ e ]
0+h)—f(0) .. h-0
and f0+0)= Jim LSO tim 2204

Since f'(0—0) # /7 (0 + 0), then / (x) is not derivable at x = 0. So £ (x)
is not derivable on (- 1, 1)

@) fA)=f-1)=1
Since f” (x) does not exist at x = 0, Rolle’s theorem is not applicable to
f@)=|x|
Example 2: Does f(x) = x°va® —x? satisfy Rolle’s conditions in [0, a]?
Justify your answer. o i :
Solution: Here (i) f(x) is continuous on [0, a]

2
2
@) f'(x)= 2xVa® —x — il Ui exists in (0, a)
2Va? - x?
(iif) f(0)=f(a)=0
Hence, all the conditions of Rolle’s theorem are satisfied by £ (x).

Example 3: Examine whether Rolle’s theorem is applicable to the function
f(x)=tanxin0<x<m.

‘Solution: The function f(x) = tan x is not continuous at x = L

Hence, Rolle’s theorem is not applicable to the function f(x) = tan x in
0<x<m
Example 4: Examine whether Rolle’s theorem is applicable to the function
f(x)=(x—-a)" (x-b)"ina<x< b where m and n are positive integers.

Solution: (i) Here lim f(x) = lim (x —a)" (x - )" =0 (a — b)" =

X—ra X—ra
and f(a)=(a—a)" (a-b)"=0
s f(x) is continuous at x = q.
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(x) 1s continuous in [g, p].

i /&)= mlx - a)™! (X = b)"+ n(x - ay"
i) @ =7(6)=0.

Hence, all the conditions of Rolle’s theorem are satisfj

(x — b)"! exists in (a, b).

: ed by f (x).

" R

prample 5t Doesf(x) iy 1—x Sausty Rolle’s conditions in [0, 172 Justify
your answer.

Solution: Here (i) f(x) is continuous in 0 < x < I (notin 0 <x<1).

1 1
) £ = 5t T exiSts i 0 <y
(i) x2 l—x)2 > 4] |

(i) £(0) and f(1) both are undefined.
Hence, Rolle’s theorem is not applicable to the given function.

Example 6: Verify Rolle’s theorem for the function £(x) = 13 — 6x>+ 11x— 6
nlsx <3,

Solution: Here (i) f(x) is continuous in [1, 3]
(i) 1 (x) =3x" — 12x+ 11 exists in (1, 3)
(i) £(1)=£(3)=0.
Hence, all the conditions of Rolle’s theorem are satisfied. Therefore, there
exists a point ¢(1 < ¢ < 3) such that f’(c) =0

12£4/144-132 124412

6 6

Byl 1

2+ —.
3 3

= 3c2-12¢+11=0=c=

— C

7.2 LAGRANGE’S MEAN VALUE THEOREM

Statement: Iff(x) be a function defined on the closed interval [a, b] satisfying
the following conditions: gl

(i) f(x) is continuous in [a, b]

(i) f(x)is derivable in (a, b)

en there exists at least one value ¢ where @ < ¢ < b such that

PiC T 10 N —— e M

e —
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The h-8 form of Lagrange’s mean value theorem: Let b = a + h, thep
any point between a and b can be written as d + 0h where 0 <0 < |. Then the

above theorem take the following form:
If 1 (x) be a function defined on the closed interval [a, a + h] satisfying the

following conditions:

(i) f(x)is continuous in [a, a+ /]

(if) f(x) is derivable in (a,a + h)
then there exists 8, where 0 < < 1 such that f(a+h)=f(a)+ hf'(a + op),
Note: If a = 0 and & = x, we get the MVT in the form:

f£(x) =f(0) + h f'(Bh) where 0<8<I1

Geometric interpretation:
f(b)-f(a) _BR _BR

From the graph ACB in [a, b], =tan £ BAR

b—a PO AR

[

The slope of the tangent to the curve y = f(x) at x = c is f'(c) = tan 0
From Lagrange MVT, we get
f(b)-f(a)

b-a
y = f(x) at x = ¢ is parallel to the chord AB.

Example 1: Verify Lagrange’s MVT for £ (x) =x*+3x+2in1<x<2.Find
c if the theorem is applicable.

Solution: Here (i) f(x) is continuous in [1, 2]
(i) f'(x)=2x+ 3 existsin (1, 2)
Hence, Lagrange’s MVT is applicable.

=f"(c) i.e, tan Z BAR = tan 0 i.e., the tangent to the curve

.. There exists a point ¢ in (1, 2) such that S@)=/l) (2; AL f'(e)
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g I
I:TE =2c+3
ol

. 6=2C+307C=3/2.
Fample 2: Let f(x) bt’- a function defineq jn -

1, 1] as
1
f(x) = xsm(;) forx=0
0 forx=(

Does the mean value theorem hold for S()in[-1 11?
solution: Clearly (#) The function f(x) is continuous in[-1,1].
vl X 1 - N

for x#O

5l
f(0+h)_f(0)=ll hs‘n;"o

m——-= 1 1n—
h h—0 h }'l_t)l'(l)smh

(0) = lim
and f ( ) h—0
which does not exist.
Hence, f'(x) is not deriyable at x = (),

.. Lagrange’s MVT is not applicable to tﬁe given function in [- 1, 1].
gxample 3: In the mean value theorem /() = £(0) + h f"(Bh) (0 <O < 1),

show that the limiting value of © as 4 — 0 is % when f(x) = cos x.

Solution: Here f(x) = cos x, then f’(x) = — sin x and /(0) = 1. From the
given relation f(h) = f(0) + h f"(Bh), we get cos h =1+ h (- sin 6h)

.2 h
h 2sin” —
or hsinBh= 1—cosh=25in2—2- or sin Oh = z
2 h . 2h
sin0h > 5 . sin®h | L
or = lim 0 lim = —
)/ h 22 h>0 h—0 Oh 2 h—0 [;,]2
3) 5
: 1 ; |
lim ®-1==-1 or lim 6=~
h—0 2 h—0

Example 4: Apply Lagrange MVT to prove that the chord on the parabola
y=x’+2ax+ b joining the points at x = & and x = f is parallel to its tangent at

the point x = %(a+ B).
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Solution: Here /(1) = 4 2av + b
7o) = ol + 20+ b and f(B)°

N f(x)=2x+ 2a ’
Let ¢ be any point in (o, B). then by Lagrange’s MVT, we g

f(u]_.f(l}) =r~a

- p? +2Ba + b

a—p /()
&  fe)= ol +20a+b-p° -2pa-b _ (az_ﬁz)+2(a*ﬁ)a
: a-p o-f
' o+p
or 2c+2a=0+p+2a C=T

Hence, the chord joining the points x = ctand x = B is parallel to the tangent

a+p
"Sh

at the point

Example 5: Examine the validity of Lagrange’s MVT for the function
F(x)=46—x>3in[5, 7).
1

/3 - But

2
Solution: Here f(x) is continuous in [5, 7] and f”(x) = 3 .
—%

£7(6) not defined.
Hence, Lagrange’s MVT is not applicable to the given function.

Example 6: Use MVT to find an approximation to 3/28 .
Solution: Let /'(x) = x' be defined in [27, 28]
Py = %x—2!3
Applying MVT tof (x) =x"3 in [27, 28], we get
f(28)- f(27)

= f’(c) where 27 < ¢ <28

2827

or F(28)= F(27) + f'(c) or (28)13 = (27)13 + %c"y 3

i
173 _ =
or (28)"° = 3+3 I
- 11 1 1 1

ve>2T =~ < — =—
( debili! farTioder b RO 9]
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e Using MVT prove that /1o lies

- bet
Let f(x) =« bedelnedm“m 10 ween 10 and 105,

X
goltion

7 (x) = —|-1 s
2

Applying Lagrange’s MVT (o £(v) in f(lm)- f(100)
i )in[100, 101), we g
7 ) where 100 <c < 101. 101-100
of .f(lﬂ'”"f(loo)'{'_f(C)

s 1

or

& % ot

2 10

1 | | ] |
e DD — T e
‘ ¢ 100" T ofigy 10}

1
=10+ —= =10+0.05=10.05

20
Again, 100 <101 = V100 <101 = 10 < V101
10 < V101 <10.05.

X
‘Example 8: Show that Taz ™ log (1 +x) <x forall x > 0.

Solution: Let f(x) be defined in the closed interval [0, x]. Then applying
Lagrange’s MVT to f(x) on [0, x], we get f'(x) =f(0)+xf"(6x) where 0 <9 < |.

Let  f(x)=log (I +x). Then f'(x) = ﬁx—x

o (142) =0+ x —o== 1+9 0<9<1) (D)

Since 0 <O <1 and x > 0, then 0 < 0x < x-
H1<l+8e<] +x

1 14

< <1
l+x 1+6x

X

Ly (% x>0)
I+x 1+0x

-—x—-<l0g(l+x)<x. (by (1))
1+ x
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siny sina sinP
Example 9: If /(x) = [cosx cosa cosPl,0<a<P< g
tanx tano tanf
Show that 7’ ({) = 0 where a< { <.

sina sina sinp
Solution: Now f(a)= |cosa cOSQ cosP| =0(" twocolumns are i dentical)
tana tana tanp

sinfp sina sinfp

and f(B)=|cosp cosa cosP =0(" twocolumnsareidentical)
tanf tano tanf
f(@)=1P)=0

For 0<x< % , f(x) is continuous and differentiable.

O<a<P< % , then f(x) is continuous and differentiable in < x < B

Then by Rolle’s theorem, there exists a point Cin o < { < B such that
f©=0.

Example 10: Find the value of 6 in the mean value theorem
fx+ h)=f(x) + hf'(x + 8h)
where (i) f(x)=¢€" (ii) f(x) = log x.
Solution: (i) Here f(x) = ¢ and f ‘x)= €
By:the MVT, we get f(x #h) = f(x) + hf'(x + 8h) (0 <0 < 1)
or &th=¢ +h et
o |

h

h_ h_
0h = log {e p 1], 6= %log(e ; IJ

(if) Here f(x) = log x. Then f'(x) = %

By the MVT, we get f(x + ) = f(x) + hf(x + 8h) (0<8<1)

- e
or e'=1 + he or % =

| +h)=1 +
or log(x+h)=logx paT

h x+h h
O & By L = st | T8 —
or 7 0h log (x + h) —log x = log [ 5 ] log (l+ x]
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x4+ 0h |
or J I
' h
log(l + )
X
X |
or E s 9 e —————
iog[] + ﬁ}
X
oF 0 =—-____1______ ol

7.3 CAUCHY'S MEAN VALUE THEOREM

statement: 1f/(x) and g(x) be the two functions defi

(i) f(x) and g(x) both are continuous in g < x < b
(if) f(x) and g(x) both are derivable in g < x < B,
(iii) g'(x)#0 for any value of x in g < x < p,
then there exists at least one value ¢ Where a < ¢ < b such that
/(B)-f@) _f(e)
gb)-gla) g

The proof is outside the scope of this text.

ned in the closed interval

Note: Let b=a + h, then ¢ =a + 04 where 0 < 0 < |
<. Cauchy’s mean value theorem takes the following form:

fla+h)-f(a) _ f'(a+6h)
gla+h)-gla) g'a+6h)’

Deduction of Ldgrange’s Mean Value Theorem from Cauchy’s Mean

Value Theorem: Consider f'(x) given in Lagrange’s theorem with g(x) = x.

Clearly (i) f(x) and g(x) both are continuous in a < x < b,

(¢1) f(x) and g(x) both are derivable in a <x < b,

(iti) g'(x)=1#0 for any value of xina<x<b

(Recall by the hypothesis of Lagrange’s theorem, f(x) is continuous on
[a, b] and derivable on (a, b))

Then there exists at least one value ¢ where a < ¢ < b such that
S(b)-f(a) _f'(c)
g(b)-g(a) g'(c)

JS(b)- f(a)
b-a

0<06<1

= f*(c) which is the Lagrange Mean Value Theorem.
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Example 1: Applying Cauchy's MVT 10 the functions f(x) = ¢* and g(x) <
¢~ in the closed interval [a, b], then prove that c(a < ¢ < b) is the arithmetic
mean of a and b.

Solution: From Cauchy's MVT, we get

f(b] _fla) % £(_Q where a <c¢ < b

g(b)-gla) &)

. a
g? =" e' e —e %
or wl, . - ¥ a b S
eV-e® e (e -¢e’)
eaeh
, +b _ 2
or B e(leb:_ezt or ea =g c
_ _a+b
or a+b=2c or cC= “2—

Hence, c is the arithmetic mean of a and b.
Example 2: In Cauchy’s mean value theorem, (7) if £ (x) = sin x and g(x) = cos x

(ii) if f (x) = ¢* and g(x) = ¢ *, then show that 8 is independent of both x and 4,
and is equal to —1- |

Solution: (i) Applying Cauchy’s MVT to the functions f(x) and g(x) in
[x, x + h], we get o4

flx+h)—f(x) _ f'(x+6h)
gx+h)—g(x) g'(x+6h)

sin (x+h)—sinx cos (x+0h)

where 0 <0 <1

~ cos(x+h)—cosx ~ —sin (x+6h)
2cos (x+ E) sinﬁ
. 2 2 cos (x+6h)
or B
—2sin [x +g] sin—g A (e

or sin (x + 6h) cos [x+g-] — cos (x + BA) sin (x+g] =0

or sin{(x + 0h) - [x +g]}

h
in | 04 — —)

0

OorBh—£=0 0r9=~1-.
2 5

b
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{
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[+ =S f'(x+0h
g+ -g(x)  g'(xypp <0<

v+h X

e =g e\ X 1oh)
ofF  ~(x4h) _pox —_ “Gerony
e‘t((.’h ) 3
W rs e
o Fe -
h
e ~1)
2x ﬁ———eh = _ ¢2X,26h
¢ = _
eh = 20
or or h=20h or 9 =

g
2

Hence, 8 is independent of both x and é, and is equal to 1

yample 3: If f(x) = x* and &(x) = x, then find
d b in Cauchy’s mean value theorem,

jution: Applying Cauchy’s MVT to the functions f(x) and g(x) in [a, 5]

the value of ¢ in terms of g

— —

fB)-f@ _ [  ¥-a 2 (bs
. . . )b
o) -gla) g€ b-gq 5 Z—a ot

a+b
or R

2

4 GENERALIZED MEAN VALUE THEOREM

() (n— D)th derivative /"~ ) is continuous in [a, a + h] and
(if) nth derivative /™ exists in (a,a+h),
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then there exists at least one number 0 where 0 <8 < | such thg
fla + h) = fla) "(a)! k fia)+ .. * - f"'()+-—.h"
a’ = 4 L o= Jeld) T e a "
F PR 2 n-1. lnf (@ oh)

| . (Finite fm-m]
The nges form of Remainder after 1 terms 1s denoted by g whe
Lagra n fe

n

R =f'—- fM(a + Oh) where 0 <0 < 1.
n w X

Proof: Outside the scope of this text.

2. Taylor's theorem with Cauchy’s form of Remainder
Statement: Let £(x) be a function defined on the closed interval [4 , A
such that ' ]

(i) (- 1)th derivative /") is continuous in [a, a + h] and

(i1) nth derivativef{") exists in (a, a + h).

Then there exists at least one number 8 where 0 <0 <1 such tha¢

2
fla+h)=f(@+hf'@+ %f”(a) +

et K-8
[finite form|
The Cauchy’s Remainder after » terms is denoted by R, where
R = Mf"(a-fﬂh) where 0 <0 <1
T et

Proof : Outside the scope of this text.

3. Maclaurin’s Theorem
Let f(x) be a function defined-in the closed interval [0, x] such that
(i) (n— 1)th derivative f* 1) is continuous in [0, x] and
(i) nth derivative f (") exists in (0, x), then there exists at least one number
8 where 0 < 0 < 1 such that
x2 xn—l

= ’ ” n-1
ffX) f(0).+xf(0)+ Qf(0)+---+ Ip;lf (0) + R,

where R, = -TE f"(6x) (0<0<1) [Lagrange’s form]
ne_ gl '
O e (1-9) f"(6x), (0<06<1) [Cauchy’s form]

|n-1




Limits: The foll 7
l AmIts: €lo owln i .
pseful ° g limigg

t.‘,fsll"" of this chapter. Are useful for the derivation of

M o &
’ !‘" il o forx >

lim T 0 for all values of y

UH} " i Yo 4 n
m(m—D(m=2)...(m-p 41y
= =

U’l') ,!l.l(r |£ ﬂ“ofm’lx]( I,

RIES FOR EXPONENTA

5 ngARlTHM FUNCTIONS

qylor’s Series: Let f (x), f"(x), f7(x), s S (%) exist finitely however, large
1 e in any interval (x — §, x + ) enclosing the point x and let R _'_’ On

o' may
an be extended to an infinite series

L, TRIGONOMETRIC AND

 Then Taylor’s series of finite form ¢
f‘} 0

B vt I p
e o SE P =TE AL+ o p 4 E'Ln_ 19 + . 1000 L

for |h <9

! iaclaurin ’s Infinite .Serles': Let f(x), f(x), f”(x), s J7(x) exist finitely

rowever, large 71 may be in any interval (- 8, ) and let R,—0asn— oo Then

yiaclaurin’s series of finite form can be extended to an infinite series of the form
2

r x ” P
(0 =fO)+ xf(0) + Ef 0) ... + %f”((l) + ... t0 o where | x | < 8.

76 EXPANSIONS OF FUNCTIONS IN INFINITE SERIES

W consider the expansions of the following functions: -
l.&5 2.sinx, 3.cosx, 4.log(l+x), 5.(1+x)"
(1) Let f(x) = €, then f™(x) = & '
o £10) =€ = 1. .
Thus £"(0) exists and is finite for all ‘n* (when n is large)

x!‘l‘

Now,R = 7f"(9x), 0<0<1

|

_xﬂ Ox
=—ie™, <81

n

n
. s , . X
Since €% is finite for any given value of xand lim —=0,
n—x |n



17 Mathemay,., /
R,—>0asn— oo
So. we may c.\pand ¢* in an infinite Maclaurin’s series of the form
2
X ”
F(x) =f(0) +xf'(0) + T f(0) + ... to

12
Now f(0)=7'(0)=7"(0)=...= [€']-o =]
2 3 T4
Hence, ¢ S l4xH T4 1000
FRNERTS

Condition of validity: All values of x in R.
(2) Let f(x)=sinx '

Then /" (x) = sin(-nz—n+x]

~. f(x) possesses derivatives of all orders and for all values of  j, R

n

-
Now, R, =1-f (6x),0<0 <1

|n

= 2 sm[n—ﬂ-+9x] 0<6<1
|7 2

Since, sin[% - BxJ is finite [—1 < sin(%rE + Bx] < 1} for all values of

n
x
xandnand ——>0asn— o, . R —0asn— e

2

So, we can expand sin x in an infinite Maclaurin’s series of the form

2
f()=f©O) +x10) + fo” (0) + ... to

Now f(0) =sin0=0,f"(0)=cos 0=1
f”(O)=—sin0=0,f”’(0)=—0030=—1
7™0) =sin0=0,7"(0) =cos 0 = 1" and so on.

3 xS x? x9

Hence, sin x = x-—— —_——— —...to oo,

ERENT)

Condition of validity: All values of x in R.

(3) Let f(x)=cosx. Then f(x) = COS[%'{'IJ

~. f(x) possesses derivative of every order for all values of x (for large n)
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R.* E_f (Bx), 0 <9«

n

9 L. TN I
Iﬂ 2+x)$()(9__,:!

nmn
- ——+Bx) is finite | — nmn
gince COS( ) S Tinite [ 15003[7+9x] S]] for all values

n
X
: d —
of and n an P = 0asn — oo, Therefore, R 087> o,

S0, we can expand cos x in an infinjte Maclaurin’s series of the form
2
@ =IO+ 21O+ 2170+

Now f(0) =cos 0=1,£7(0)=—sin 0=
£7(0) =—cos 0=—1, f(0) = sin 0 =
fM0)=cos0=1,f"(0)=-sin0=0 andso on

sx=l—-—t—_4= _
Hence €O |2 E |§+|§ ..to

Condition of validity:. All values ofx in R.
Let f(x)=log(l+x).

" (n-1)
(1+x)"

Then f"(x) =

which exists for all n when x> — 1, i.e., when (1 + x) > 0, otherwise
[i.e., when (1 +x) <0] (1 +x)" may tend to 0 if | 1 +x | < lor (1 + x)”
may oscillate and tend to + co if | 1 + x| > 1.

Case I: We take Lagrange’s form of remainder:

2 ___x_(l)"l|__ _n—ll[x)n
I_f()lz(le) ik 1+6x

1
Now — s 0asn— e
n

/ . . X >
But [ * | s only if 0 <x < 1, because in this case IS
e 1+06x

positive and less than 1.
R, — 0 as n — oo under the condition that 0 < x < 1.
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Case II: Lot 1<xy<0

A fn
In this case TT may not be numemally less than | and thel'efore
+0Ox '

, i n
L = ] may not tend to zero as n — e, Thus, Lagrange’s form of Remaing
140x "

fails to tend to zero.
We, therefore, take Cauchy’s form of remainder:

X"(1-9)""! x"(1-0)"" (=1)"n -1

= SN ) =
R, -l /7(6x) -1 (1+6x)"
n n
" & 1_9 n-|
=_1n—11_eﬂl(_£_) __1""]-._x_________
COTa-T GRS el
B, o s prosiiivearnd s i 1 B <l e D 0
oW, B is positive and less and 0<B<1. 8o

1-0 n-1
( ) —>Oasn-—>oo.A]so,x"—>0asn—>oofor—l<x<0and-_1__
1+0x 14+0x

is a finite quantity for—1 <x<0and 0 <0 <1
g R, —>0asn— e

Therefore, in view of case I and case 11, log (1 + x) can be expanded in an
infinite Maclaurin’s series if - 1 <x < 1.

Nowfn(x) = %n—l.’ fn(o) - ("_ l)n—l |n_~—1 "j
(1+x)"

f(0)=log(1+0)=0,  f/(0) = D! [1-1=1
1O =10 Rod=- 10 =1 [3-1= 2
0= )+ [4-1= |3

and so, on.
H log(l1+x)=0+(x-1)+ ﬁx(—l)+ —xix]g +£x(—|§)+
ence, log 2 B a
xz x3 I4 ’
=X——+——"—+...t00
2 3 4

Condition of validity: — 1 <x<1.
(5) Letf(x)= (1 +x)”, mbe any real number.
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When 188 pngitive integer, /1
L‘xpﬂnsion terminates after (p 4
calid for all x, because the series is finite
.onsider the case w - '
r:cnbl{‘raction. hen m i Not a positive integer, i.e., m is negative
L [T =mm 1)y
we take Cauchy’s form of remai

X" (1-0)""!

—

R, ln-1 f"(Gx),0<a<]

(I)“Oforn‘)

m and
1) thteoms and any value of x. The

The binomial expansion is

) (1 +1’Y"'_"forx)_. lie,1 +x=0
nder

m(m=1)...(m-n+1)
n—1 X (1=0y" (] +geymn

_ m(m-—l)...(m—nwx"(l_e)n_[ (1+0x)"™!

ool (1+6x)""
m(m-1)...(m-n+1 n-1
_ o —)x"(lmx)"'-‘[ ]'9}
140x

Let |x|<1.Alsowehave 0<@<1,

i is positive and less than 1.
1+ 6x

1-0 n—-1
. [1+BxJ — 0asn - o,

Again (1 +6x)™ ! is finite for any given x whether (m — 1) is positive or
negative. ;

Now, if | x | < 1, then

m(m~1)...(m—n+1)
1) —>0asn— o

Hence, R, — 0 as n — oo and so for | x | < 1 Maclaurin’s infinite
expansion of (1 +x)™ is valid where m is a fraction or a negative integer.
~f@) =1 +x)"

SO =10 =1"=1, f(0)=[m(1+x)""] _o=m

£7(0) = [m(m — 1) (1 +x)" 2] _o = m(m— 1)
f7(0) =[m(m-1) (m-2) (1 +x)’”‘3]x=0=m(m— 1)(m-2) andsoon

2 3

L mm-1)+Tmm—1) (m-2)+.. to

2 3

(LX)t =1+mx+
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-1 m=1)(m-2
=l+m.r+m(m ).Y2+m( é(m )r1+...t0m

2

Condition of validity: |x[<1.

7.7 MISCELLANEOUS EXAMPLES

Example 1: Apply Maclaurin’s theorem to /'(x) = (1 + x)* to deduce that
(1 + )% =1+4x + 6x2 +4x> + x*.
Solution: Now £(x) = (1 + x)*, then //(x) = 4(1 + x)’, £"(x) = 12(1 + xy?
£ ) = 24(1 +2), (x) = 24 ‘ |
Since £ (x) possesses derivative of order four for all values of x, then by the
Maclaurin’s theorem with Lagrange’s form of remainder after four terms.
2 3 x4

F@)=1(0)+x f(0) + fo"(O) + ‘Erf'"(o) + 4 S (0x) where 0 < 0<1
Now f(0) =1,f(0)=4,1"(0)=12,7(0) = 24 andf”’(ex) =24

2 3 4

Foy=1+4x+ 12432244224 |
2 6 24 Ty
=1 +4x + 6x2 + 42> + x4, . |

Example 2: Show that
2 n—l1

X 2 %
a=1+xl +—(loga)” +...+ Ox
xloga 12( g ) |n—1

(loga)t1+2 5
|n

(loga)", 0 <B<1.
Solution: Let f(x)=a" = & where k = log,a=loga
f"(x) = K¢ and f"(0) = K"
/7(0) exists and is finite for all n.
By the Maclaurin’s theorem with Lagrange’s form of remainder after n
terms, we get

2 n-1 n '
() =£(0) +x£(0) + IE £1(0)+..+ é 770 +T“’_n—f" (6x)

2 n—I1
X 9, X
= l+x(loga)+—(loga)” +...+
(loga) 12( ga) ]

n
(loga)"™ + xt ¥ (loga)”
n

2 n—l
X 2 X
= 1+ x(loga)+—(lo +...+
(loga)+ - (loga) =

(log a4 Z_a%(loga)"
L

where 0 <0 < 1.
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3: Expand the followi
ple 3 Owing function =X S
T\ﬂ Imdmnn‘* of their validity: ONS in powers of x in an infinite series
(i) tan v (i) e sin by (jijy "
l42 4%

tion: (1) Let/(x) = tan 'y, Then /(x) = (=1)"n-1
nm

— === gin(n cot 'x)
Vi +x2y
£7©0) = (= 1! la=lsin==

2 =0 when n is even
and fO=1"0)=(=1)y2= 2
170)=14 =24...

». f(x) possesses derivative of every order for all values of x.
n

Now,R, = -I_—f " (Bx) where 0 <9 < |

_ =)"n-1 ' 1
i In m sin (n cot™ Ox)
X

) n-1 "
-8 {\/12—22} sin (n cot '6x)
TO X

Since sin (» cot‘lex) is finite [- 1 <sin (1 cot™! Bx) < 1] for all values of x

andnandlxl< V1+6%x? when |x|<1,then R, — 0 as n — . So, we can
expand tan™'x in infinite Maclaurin’s series of the form

2

f(x) f(0)+xf(0)+ 2 ffo+..

r LI
X=xX—-—+——... 10

5
Condition of validity: —1 £ x< 1.
(ii) Letf(x)=e™ sin bx. Then f"(x) = #'¢™ sin (bx + nd) where * = &> + b*
b

b
and tanp = — ie, ¢ = tan —
a a

S f"(0) =#"sin nd and £(0) =0
= f(x) possesses derivative of every order for all values of x.
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(iii)
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n

Now, R, = %f" (Bx) where 0 <6 < |

[

n (xr)ﬂ

- _fl__"_ 7™ sin (bx0 + no) = P ¢ sin(bx0 + ng)

Since sin (bx8 + n) is finite [ 1 < sin (bx0 + nd) < 1] for all values of
n
x and »n and 7 —->0asn—>ooforallx,thean—->0asn—-)oo_so,

we can expand f(x) in infinite Maclaurin’s series of the form
2

f() =£(0) +x1(0) + xE £7(0) + .. to e
. I2 ,
=Xxrsing + E rzsm2¢ + .. t0 o
where = Va? +b%> and ¢ = tan“]‘g

Condition of validity: all values of x.

=D)"[n

l . n -
Let f(x)= l—:;.Then f(x) = (1+x)"+1

L S0 = (1) |n

.. f(x) possesses derivative of every order for all values of x.

n
Now, R, = x—f” (Bx) where 0 <9 < |

|

_x HF)'n x"(—l)"-=(—1)"[ x T
7 (1+0x)""  (1+6x)™" 1+6x\1+6x

n
Sincex<]+06xfor0<x<1and is bounded, then = ] -
+0x 1+ 0x

0 as n — oo, and hence, R, — 0 as n — oo,
For x <0, we consider the Cauchy’s form of remainder

n _mh-l
I Ul ST
" |n-1 1
n-1
x" n-| (_l)nm n nx" ( 1-0 )
- 1 ~gye 200 e o]
n—l( ) (14 x0)"*! ( (1+x0)* \1+x6
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-l
] -0 asn - » and

Now, when | x | < (1 - g) < y *81[ ()
1410

nx n_s(0asn— oo and --___I_____

(14 0x)?
0. we can expand f'(x) in infinite Maclaurin’s series of the form

is bounded, then R, 0asn-— .

2
FE=FO+XL0)+ =1 0) + ... 100

2
x2 3
=1_x+E|g+fE(-1)|g+...tow
=1-x+x2-—x3+...t0

Condition of validity : — 1 <x < |

1 1\
(;1) Letf(X)-' 2 ,thenf"(x)— ( 1) b Siﬂ{(ﬂ"‘ l)COt_'I}

( m)m-l

Q=1 Iﬂsin{(ﬂl)g},f@: 1, £10)=0, /=42 ..-.

. f(x) possesses derivative of every order for all x.

Now, R = —— f"(6x) where 0 <6 <]

l) i — sin{(n + 1) cot™'@x}
(\!1 +x°0° )

r&—lk:l El“&

PR . o . T "
\.‘l+62x2 [\/1+92x2}

Since sin{(n + 1) cot™'0x} is finite [~ 1 £ sin {(n + 1) cot '@x} < 1),

1 X
x|< |1+0% x* for|x|<l, lsbom\dedand{-———;} -0
x| <y x* for| x| m 1+ 6% x2

asn — oo, then R, — 0 as n =
So, we can expand f(x)inan lnﬁmte Maclaurin’s series of the form

sin{(n + 1) cot”! x8}

f(x)=£(0)+xf(0)+ Ef"(ﬂ) +ot
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(hat the limiting value of @ as s — ;. . A
~or

pow ! ‘J—j- according as f(x) =

of ¢ sin X
08 ! on: Letf (x) = cos x, then f”(x) =

IO ) = £0) + h o

*Sinx

cos h=1+h(*5i"9h)0rhsin9h=l—cosh=25in2~{l—
‘ 2

hz
70 2| A
2

Now, when 7 = 0, 64 and g -0

)
sinbh 1 . A
' J;I_IRL ! ho 5 hl—:& h - o ;1,1_210 i %
2
Again, f(h) =f(0) + h f'(6h) (0 <8 < 1) | {1
Applying the MVT of 3rd order to f(h), we get
2 3

h h
f(h)=£0) + h f'(0) + Lf “(0) + 3 S (8'h) where 0 < 0'< 1... (2)

Equating (1) and (2), we get
2

f'(6h) = f7(0) + ‘I'_“f "(0) + T_f " (0'h) « (3)
Again, applying the mean value theorem (MVT) of 2nd order to f (Bh) we get
1'(8h)=£"(0) + Ok f"(0) + -qz—zf GO0 <7 <1 o)
from (3) and (4), we get
0h £7(0) + ﬁ 1" (070h) = f—f ”(0) + ﬁz-f “ (8h) . (5)
2 2 3

When 1 (x) =sinx, £(0) =1, f"(0) =0, f *(x) = - cos x, then (5) becomes
~0%h? 'S :
"oh) = —— cos (6'h)
B cos(6”0h) E (
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2 _ [2cos(®'h) _ _ 2cos(0'h) _ cos(6'h)
|3cos(0"0h)  2-3cos(0"0h) 3cos(0"0h)

|
when # — 0+, lim 6% = =, lim 9—)L
h J3

—0 3 0
y y ; s
Example 6: Show that sin x > x — F1f0<x< 5

Solution: Using Maclaurin’s series, we have

x3

2
x ” re
f(x)=£(0) +xf£(0) + Ef 0+ |§f 0x),0<0<1 (1)
‘Since  f(x) =sinx, f’(x) = cos x, f“(x) = —sin x, f"(x) = - cos x

f(0)=0/(0)=1770)=0

x3

-, From (1), we get sinx =x— —6—cos Ox

Since O<9<1and0<x<g,then0<cos9x<l

x3 (x?’\ ( x3\ x3
. —cosOx<|—|or|—]| cosOx> ——
6 s) (76 6
__._Xi e S x3
or x p cos Ox > x p
_ x3 . x
or sinx > x B (v sinx=x ~g cos ox)

Example 7: In the Mean Value Theorem f(x + k) = f(x) + h f'(x + 0h) if
f(x)=a+ bx + cm", then show that 0 is independent of x. .
Solution: Hence f(x) = a + bx + cn*
S'(x)=b+c(log m)m*
By Mean Value Theorem
f(x+h)=f(x)+hf (x+ 06h), we get
a+b(x+h)+cm™ = a+ bx + cn* + h (b + ¢ (log m) m**)
or cm* - m" = em* + ¢ (log m) hm* - m®

h
on. M |

" hlogm

or mh=1+h(logm)m9"' or m
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logarithm, we get 8/ log m = jog| /" ~1 m" - | L
[aking Hlogm | =A(5a)

A ol d
0= ﬁc;é-;?i— which is independent of 5
1

—
ganple8: 1) =S OV A1)+ 217(@h), 0 <0< 1, find 0 when -7 and

l
1w~ T+x

PO . A 2
wtion: Here /() = 7=—, f"(x) = TRy f"(x) = v

S0

Then the given relation becomes

1 h*
=1-h+ 2

+h "2 a+eny
When # = 7, this becomes
' 4
L8 A -
8 Z (1+70y
1 1
~ +6=49
N 8 (1+76)°
i 49 49
T —
8 (1+70)°
1
or (1+79)3=8=23=>1+79=20r79=l,6=-_;
1
9-';}'.
x2 A
Example 9: From the relation f(x) =/(0) + xf '(0)+Ef (Bx), 0<B <1,

2 2 -
lihO"Wlhf“k‘ig(l +x)>x - X ifx>0andcosx>1- £2—th<.1:< 3
2
Sﬂlll“()n: Whenf(x) — log (l & )C). thBﬂf(O) = |0g l= 0
’ l ' - » = (—l)
P el G e
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L

: : 1+x)=0+x—- ———
Hence, by the given relation, log (1 +x) 2 (1+6x)?

Since x> 0,0 >0, then (1 +6x)*> 1
2 2 2 2

- x? . .. Y 2 5
& A R~ - o e
a+6x? =T U aren? 2 21+6x2 "5

2
log (1+x) > x — %

When f (x) = cos x, we have £ (0) = 1, f'(x)=—sinx, /' (0)=0, f”(x)=— cos .
Hence, by the given relation, we get

1 5

cosx=1— Ex cos Ox

For 0<9<1and0<x<12t-,0<cosﬂx<l

2 2 ) (—x2)
2 cos Bx < x—or L—L) cos Ox > ket
2 =2 2 I
2 2 2
or 1—%cosex>1—£2- or cosx>l——3-c—.

X
Example 10: Using MVT, prove that 0 < llog i,
x x

<1.

Solution: Let f(x) = &, f/(x) = &*
Using Lagrange’s MVT, we get
S (x)=£(0)+ x f'(Bx) where 0 < 0 < |
" =1+xe% we (1)
Since 0<0<1, .. 0<@x<yx
<P <t or1 < < ¥

or x < xe% < x&* or ¥L&= 1<z [From (1)]

Ve |

or 1<

<é

X

e -1

Taking log, we get, () < log <x

0< ~log—=!
or x BT <1. Hence, the result.
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F"mplr 1: Show thata® <. if 5,
w“ﬁ'm: Letf(x)=xloga-aqa log x, S (x) = log a
‘ X
since €54 = % loga>1 and 5;‘ <

d

loga 2 1 and Yo lorloga-25

f'x)>0forx>g3e 4
7(x) is an increasing function and hence

f(x)>f(a)forx>a>e
"._‘,Ioga#alogx>aIoga—aloga=0
xloga>alogx or log a* > log x*

a>x‘forx>age. Hence, the result.

or

x
xample 12 Use MVT to prove = >eint x2xif0<x<t,
i I—I When
does the equality hold?
n- ’ 1
Solution: Let f(x) = sin Ix, fix)= -
1-x

Using Lagrange’s MVT, we get
f(x)=/£(0) +x f(6x) where 0 <0 < |

e P X
or sin x=——,0<0<1 2¢0
\H-—-szz

Since 0<@<1,..0<0%<]1

o 0<x??<x?(-0<x<1)or 02-0*>-x
o 121-0%2>1-x2

+0<0<l and0<x<«l

o 12 V1-0%x2 > y1-x2 £0<Bx<l

y ~1-0°x> >0and 1-x* >0

|
|- 022 Jl 2

or l(
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l x

r <8N x<
or XsSS8smn x m [From“”

Hence, the result and the sign of equality holds if x = .

3
Example 13: Show that (x + h)y2 = x°/? +2x”2h 53._.1_

0<0<1.Find 6 when x = 0.
Solution: We know from the mean value theorem of 2nd order
1
SR =)+ hf )+ h [ (x + 8h)
Let us t.ike f(x)= x*2, then from (1), we get

Ll
2 12 xrop’

(1)

2
(o + hy2 = A2 32, 31 1 B ,
2 2 2Jx+6h |2 - (2)
When x = 0, we get from (2),

h3f'2_§_._1__.£i 1
2 2 |2 Jon
L MEZ .3 T el 8 T
o 8 Jon L 8 Jon
3 9
3 or 0 64

Example 14: Prove that sin 46° ~ ——\/_ [l +—-—) Is this estimate high or
low?
Solution: Let f'(x) = sin x. Then f’(x) = cos x
By Lagrange’s MVT in [a, a + k], we get
fla+h)=f(a)+hf(a+ 0h) where 0 < 0 < 1.
Now, putting a=45°and /= 1°, we get £(46°) =1£(45°+ 1°cos (45°+81°)

or sin46° = sin 45° + (1; ] cos (45° + °) o (B
lo__'z_)
180
~sin45° + [ o .+ 8° is small]
(180} cos 45 [
sin 46° ~ ——L[l.{.i] = _ﬂ l+_:{t._.)
V20U "180) ~ 2 T 180

s
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14{1“ < approximate value of sin 46°.
in

" The estimate is high.

Hence, from (1), exact value of

EXERCISES

(. Verify the Rolle’s theorem in the given interval for the following functions:

() f®)=x,-1Sxs1 (i) fE)=2+(x-1)3,0<x<2
(iii) f(x) = sin x cos x, 0<x<mn.

@) fO=r -5 +6 +3%? 0y 15543,
y. Verify the Lagrange’s Mean Value Theorem in the given interval for the

following functions:
1
xcos—forx#0,-1<x<1
(i) f@®) = x I
0 forx=0

(i) f()=xx 1) (&= 3); 0 S x <4 (iii) £ () =4— (T—x)23, 4 <x <9

) f@)=]x,-1<x<1 0) /&)= 7, -15x<1
i) f)=x-1)(x-2)(x-3),0<x<4.
3. Find the value of ¢ in the Mean Value Theorem f(b)—f (@) =f(b—a) f"(c)

() If fx)=x%,a=1,b=2 (i) If f@)=Vx,a=4,b=9
i) If f(x)=(4x-5x%+x)(1 -x),a=-2,b=0.
4. In the Mean Value Theorem f(a+h)=f(a)+hf'(a+6h)ifa=1,h=3 and

f(x)= x, find 6.

3. Using Mean Value Theorem prove that:

1 X
) x<log —<—if0<x<1
(i) x<log = l—xl <X

(i) 1+

< 1+x<l+% if-1<x<0

x
21+ x
.. ) .

(ifi) by <sinx<xif0Sx<m2

2
x2 >logli£>2xif0<.r<l

l-x l-x

X

3 <tan 'x <xifx>0.
1+ x
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6.

7.
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Verify the Cauchy’s Mean Value Theorem for the following functiong.
(i) f(x)=1/x%andg(x)= I/xina<x<h

(i) £(x)=+x and g(x)= l/Jx ina<x<b
In the Mean Value Theorem f(a + h) - f(a) = h f'(a + 6h), 0 < g < I

if (x) = —x -%r +2xanda=0, h =3, ShOWthatBhasgottwo

values and find them.

. Obtain the expansions of the following functions with the remainder ; in
Lagrange’s form: (0 <0 < 1)

() € (i) sinx (iif) € cosx (iv) log (x + h).

2

h ,
9. £ f(h) =f©) +hf" (0)+ ~=f" (6h), 0 <8 < 1, then prove that

L

10.

11.

2

9 )
0= o when 2= 1 and f(x) = (1 — x)*2,

State the conditions under which a function f'(x) can be expressed in the
n
form {9 =/ (0) +x /@) + P s SO

Verify the following series:

() logx=(x-1)- %(x— 1)2 + %(x— 1P = ..:for0<xs2

2 X
. ets' oy + +__+_'.‘_—_-'.'
(i) inx=x 3 T30 ; for all x
2 3 5
x° 2x° Oy
i) €log(1+x)=x+ —+—+" _
N gl ) 2 3 |5
2 4

i x
(v) e =1+x+ —-—

Rl f

Answers

- () Yes (ii)No  (iii) Yes (iv) Yes

() No (i) Yes (i) No (iv)No (v)No (vi) Yes
(H 1.5 (i) 625 (iif) -1
% 6. (i) Yes (i) Yes 7.0 = -;—(3i V3)
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Med"

=1+ ; : X
-__+ i

L e

e

g, 0
2 I3
n

- 3
(i) sinx=X= 77 5 +=—gin| —4
v X" nm
3 ‘
sin
3 1[5 | > Gx]

I+_.‘, z
+-—...
I 1 I J was

(iv) log (x + ¥
h =
1) =log x + h n2 " e cos{ex :
_ o
e 5 o
ety "

|n(x+0h)"



