5.3 SIMPLIFICATION OF CONTEXT-FREE GRAMMARS

In a CFG G, it may not be necessary to use all the symbols in Vy U Z, or all
the /productions in P for deriving sentences. So when we study a context-free
language L(G), we try to eliminate symbols and productions in G which are not
useful for derivation of sentences. Tk
= Consider, for example,

Ny é’r
G = ([Ss A, B’ Cs E]’ [a7 ba c]sAP9 S)

~

——

where
P=(S—AB,A—aB - b[BoClEclA)

It is easy to see that L(G) = {ab}. Let G’ = ({S, A, B}, {a, b}, P’, S), where
P’ consists of S — AB, A — a, B — b. L(G) = L(G’). We have eliminated the
symbols C, E and ¢ and the productions B — C, E ' — clA. We note the following
points regarding the symbols and productions which are eliminated:

(i) C does not derive any terminal string.

(ii) E and ¢ do not appear in any sentential form. -
(iii) £ — A is a null production.
(iv) B — C simply replaces B by C.

, : ; : N 1 riving
In this section we give construction to eliminate (a) variables not (25) ol

terminal strings, (b) symbols not appearing in any sentential form,
productions, and (d) productions of the form A — B.
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context free erammar will have only useful symbols.
There for reduction of a given grammar G, involves following steps :
(a) Identificd non-generating symbols in given CFG and eliminate thos
productions which contains non-generating symbols.
(h) Identified non-reachable symbols in grammar and eliminate thos:
productions which contains non-reachable symbols.

Let us consider examples :
Example 6.1. Consider a CFG
S — ABla
3 A 5b
Identified and eliminate useless symbols

Solution. Given CFG s

S — AB/q4
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G0 e can eliminate A — b, now grammar is
S —a
Jhich is reduced grammar.
V
e 6.2. R
Exampl emove the useless symbol from the gi
rammar given context free
S — aB/bX
A — BAd/bSX/a
B — aSB/bBX

X — SBD/aBx/ad.

so!utlon. First we choose those non-terminals which are deriving to the stri
of terminals. The non-terminals A and X directly deriving to the strings of tec;m?nale ?trldngs
spectively. Hence they are useful ‘symbols. Since S — bX and X is useful (:dn bail
hence S is also useful symbol. But B does not derive any string w in V, so‘ cleari;/r; iS;;

non-generating symbol, so eliminate those productions which contains B. Now grammar
becomes :

S .— bX
A — bSXla

X —ad
S

able, since A can not be reached from / \
1 be understand by following parse b X
a/ \d

Fig. 6.1.

Again here A is non-reach
S ‘(starting non-terminal), 1t ca

tree in Fig. 6.1. ,
s bSX/a, then reduced CFG is

S — bX
X — ad.

So eliminate A

Example 6.3. Consider the following grammar and obtain an equivalent

grammar containing no useless grammar symbol.
A o xyzlXyzz
X — XzxYz
Yy = yYy/Xz:
7 = Zylz.
and Z = % hence A and 7 are directly deriving to the

are useful symbols. |
) . . P AT e S
a string of terminals, that 1S, Y and Y are useles

se productions we get:

Solution. Since A — Xy
string of terminals. Hence they

Hence X and Y do not lead to

symbols. Therefore by eliminating the
A — X2
z 2% : ' ntain Z, it
Now since A is the starting non—tcrminzll and right gide of A do?s not coes‘ ,
¢ 7 is not reachable. Hence after eliminating Z— Zylz, grammdr becom

mean
A — XYZ-

which is a grammar containing no useless symbols.
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Example 64 Find the reduced grammar that is equivalent (, the cp l:t:lt:;
below : S _ aCISB
A — bSCa
B — aSB/bBC
C — aBClad.

Solution. Since C— ad, therefore, C'is g.enerating SvymbOl'.‘SinCC S—ac, therefore
§is also a useful symbol according to perLlcllon A— f)éCa, Alis é'l]SO.generating' Righy
Das f B — aSB and B — bBC contains B, and B Is not terminating sy p is ot
;lcdncer(;ting symbol so we can eliminate those productions and grammar becomeg

S —aC
A — bSCa
C — ad

Now since S is the start symbol and right side of S does not contain A, hence 4 js

not reachable as :
/ S\
a c -

Fig. 6.2.
So by eliminating A we get
S —aC - |
C —ad
which is reduced grammar equivalent to the given grammar, containing no useless

symbql.

, 6.2.2. Removal of Unit Production

] Let us first define unit production :
A production of the form

Non-terminal — One non-terminal

that is a production of the form A — B (where A and B, both are non-terminals) 1
called unit production, Unjt production increase the cost of derivation in a grammar
Following algorthim can be used to eliminate the unit production.

Algorithm : Remoya] of unit productions =

While (there exist 4 unit production, A —s B)
: .

select a unit productio

. where
' _ NA — B, such that there exist a production B — 0 e
O 1s a terminal,

For (every non-unijt Production, B — )
Add production 4 — Q. to the grammar

Eliminate A — g from the grammar,
).

S.
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B |
i

E —a

sily seen that productions C = a,D = a E — g are

Now it can be e Uselegs

. PRSI these productions will never be used, g . oy
i we start de“\rmg from S, I ' €nce ehmina[in:
thern OiVCS,

il S — AB
A —a
B — alb

which is completely reduced grammar.

Example 6.6. Consider the following unambiguous expression gramp,,
I — alb/la/lIb/10/11

F — I/(E)
T — E/T*F
E -5TIE+T

Identified unit production and remove them.

Solution. In the given grammar
F =1
T = F
E T
are three unit production.
Unit production F — I can be removed by the help of
I — albllallb/10/11
and grammar becomes
I — albllallIb/I0/11
F — (E)lalbllallb/I0/11
T — FIT*F
E -TE+T

Now we can eliminate T — F by the help of

F — (E)lalbllalIb/10/11
and now grammar becomes

I — albllallbl10/11
F — (E)albllalIb/10/11
T — T*FI(E)albllalIbl10/11
E ->TIE+T

Now let us remove E&L" T by the help
T — T*F/(E)/alblla/Ib/10/11



D

uction free grammar is
7o I - albllalbiom

F = (E)lalbllalIb/10/11

T — T*FI(E)lalbllalIb/10/11

E — E +TIT * FI(E)lalbl1a/Ib/10/11

Example 6.7. Identified and remove the unit productions from following

i S — Albb
A — BI/b
B — Sla
golution. Here unit productions are
S =A
A — B
B — S

We list all unit productions and sequences of unit productions:Then we will E?n?le
one unit production or sequence at a time and try to prove generating and reachable Qr
«ch non-terminal involve in the unit productions, as follows :

S—>A generate $ — b

s —» A— B general® S—a

A — B generate B — d

A — B— S  generate A—bb
B—S generate B — bb

B S—A generateB—%b

The new CFG becomes
g = bb/bla

A — blalbb
B — albblb

which hold no unit productions.

_terminal
6.2.3. Removal of €-productions and Nullable Non . prOductionS
e Sor .
Any context-free language in which € is @ word, muzt :;?ev word € from S. The
in its grammar since otherwise we could never derty afion mathematicallys this
Statement is obvious, but it should be given some _]U'S[lf‘lCd thr:t hofteh e working
is easy; we observe that & -productions are only Pde”C“O“_SE_ atsu=m e we never
string. If we begin with the string S and apply only non
Pk M i i f the form A—E>
We now form our attention to the eliminate the productlons 0 o
which are called € -productions. Surely if € is in L(G), we ¢an noa e -productions
producl'\om from G, but if € is not in L(G), we ¢an eliminate

from G-

g
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“In a given CFG, we cal

There is a production N — € or
2 derivation that starts at N and leads to € :

There 1S ¢ N
N=..=>€

To eliminate €-productions from a grammar G we use the f°"0win

| a non-terminal N Nullable if

- technique :
“If A — € is a prodoction to be climinated then we look for all productiong, Whoge
right side contains A, and replace each occurrence of A in each of these produchonsl
obtain the non € -productions. Now these resultant non e -production must be addeq

the grammar to keep the language generated, the same.”
Let us apply this concept :
Example 6.8. Consider the following grammar
S —=dA
A — ble

remove the Nullable non-terminal.

Solution. Given CFGis - § — aA
A > le

Here A — € is e-production, so let us apply above described concept, put € in
place of A, at the right side of productions and add the resulted productions to the
grammar.

Here 1s only one productions S — aA whose right side contains A. So, replacing A
by € in this production, we get S — a; now add this new productions to keep the

language generated by this grammar same. Therefore, the € -free grammar, equivalent
to above grammar is

— aA
—a

— b
or

thh » TUh U

— aAla

A —>b
there is no € -production in the above context-free grammar.

Example 6.9. Consider the following grammar G

S — ABAC
A —aAle.
B — bB/e
C ¢
remove the €-production from the above grammar.,

Solution. Here we have two e- -production to remove A — € and B = & daS
climinate A =E hom the grammar, the non e- -productions to be added are obtain®

follows :
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5nr17/"’.qt of productions whose right side contaip A are - S -
LiS " o
S — ABAC
A = aA
replacing each occurrence of A by e :
: 2dodr;d fo e ggrammar : Y & (one by one), we getfour new productions
{0
S = ABCIBACIBC
A > g
ductions to the gram imi
Al (hese Pro g mar and eliminate A — €, to obtain the following
grammar
S — ABACIABCIBACIBC
A — aAla
B — bBle
C —>c¢

Now to eliminate B — €, list all productions whose right side contains B, these
are
S — ABAC/BACIABCIBC
B — bB
Replace occurrence of B in each of these productions to obtain non € -productions
(o be added to the grammar, we get following new productions.
S — AACIACIC
B —b
Add these productions to the grammar and eliminate B — € from the grammar, to
obtain
§ — ABACIBACIABCIBCIAACIACIC
A — aAla -
B — bBIb
C —=>¢
which is the grammar without any g -production.
nsider the following
s — asSa

s — bSbIE

grammar and remove & -productions

Example 6.10. Co

he € production, 5o let us replace occurrence of S by €
sthe &~ .

Solution. HereS —?Oerslsl |
in the following productt o D
g — bSb
i ew productions
g "~ § — aalbb

grammar and remove S — € from the grammar

S — aSalaalbblbSb

‘ ymar.
roduction frec gramma




Theory of Automata and Comp ;
; Utatj,
h

168]

Example 6.11. Consider the following grammar

S — al/XblaYa
X > Y/e
Y = b/X

eliminate € -productions.

Here X — € is € -productions. So this problem can alsg solve
ar without € -productions will be

S — a/XblaYalblaa
X —»Y
Y — b/X.

Sdlution.

din g
fashion and gramm |

Example 6.12. Design a CFG for regular expression
r = (a + b)* bb (a + b)*, which is free from € -productions.

Solution. Let CFG G be required context free grammar with € -productions
S - XY

X = 7Zb

Y - bW

Z — AB

W —»Z

A — aAlbAle
B — Bal/Bble -

Finally here A — € and B — € are e-productions and A, B are nullable nor-
terminals.

. The CFG, without & -production can be achieved from G in similar fashion, as abov
discussed. Let it be G’, then G is ' |

— XY

— Zb/b

— bWIb

— AB/A/B

- Z

— aAlbAlalb
B — BalBblalb

ated 'by G, the new CFG G’ generates exactly the same _

BTN~ X O

* Because € was not gcher
language,

6.3. CHOMSKY NORMAL FORM

m If a CFG has only Production of :thé‘fdrfn :

Definition N _tarra: : , L
| JOmderminalg o) String of exactly two non-terminals or of the form

- Non-terminals — one terming; - . e ]
e said 10 be -ChOmSky normal form OrCNF s /
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